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i.
1• Outline of the Problem.—  The breaking strength of a 
cylinder in compression is usually expressed in terms of the maxi­
mum compressive strength, occuring in sections perpendicular to 
the axis. The fact has often been under discussion that with brit­
tle materials such as concrete, the rupture takes place generally 
along inclined sections nearer to those making an angle of 45° 
with the axis than to the sections perpendicular to the axis. The 
maximum shearing stress occurs in the sections inclined 45°• ihis 
fact suggests that the shearing stress might be of more importance 
than the compressive stress in defining the cause of failure, or 
in defining the relations between stresses and strength.
A concrete specimen designed to be tested in shear is shown 
in Pig. 1. PP indicates the load, ab appears as the weak section, 
and this section is submitted to shear. If shear primarily de­
fined the failure the rupture should be expected along the line 
ab, but a number of tests at the University 
of Illinois Engineering Experiment Station 
with specimens of that form showed failures al 
along such lines as bca. be is the primary 
part of the failure. In that part the ten­
sile stress, not the shearing stress, has a 
maximum.
Plain tension occurs at the tension surface of a plain con-
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Crete beam. The cracks appear to he perpendicular to the direction 
of the maximum tensile stress. This suggests that the tensile 
stress might he one of the primary causes of failure, hut at the 
same time the tensile strain and the tensile stress are maximum 
in the same section and it would still have to he found out 
whether the strain or the stress or some combined function of 
stress and strain defines the tendency to rupture.
These examples illustrate the complicated character of the 
general stress-strain-strength problem.
The state of stress at any point in a homogeneous isotropic 
material is described completely by indication of the magnitude 
and direction of the three principal stresses, perpendicular to 
one another. The law of strength may be sought in terms of 
these principal stresses. When concrete is reinforced with uni­
formly distributed straight steel bars in one, two, or three di­
rections, and when the deformations and stresses are uniform 
within distances which are great compared with the space between 
two bars, then this material may be considered in some respects 
as a homogeneous material, but it would be not an isotropic but 
an aeolotropic material, that is, the laws of deformation could ncjit 
be expected to be the same in the direction of the steel as in 
directions making angles with the steel. From an elasticity and 
strength point of view this compound reinforced material may be 
considered as a crystal, having certain principal axes, and having 
elastic qualities varying according to the angles with these prin­
cipal directions. This means that any stress-strain-strength 
relations for the reinforced concrete must be expected to involve 
terms defining the relation between the principal axes of the
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state of stresses and the principal axes of the material. These 
questions are of importance with respect to the flexure and strength 
of reinforced concrete plates, and they will he taken into discussion 
with that particular problem in view.
The object of this investigation may now be defined: to contri­
bute to the knowledge of the stress-strain-strength relations for 
concrete and reinforced concrete. The introductory indication of 
methods and the historical review, following in the next articles, 
have reference to the problem in the most general form, assuming 
combined stresses in two or three principal directions. The special 
investigations reported in Chapters II and III are within the field 
of biaxial stress— combined stresses in two principal directions.
2. Methods of Investigation.—  Three experimental methods of 
investigating the general problem of stress-strain-strength relations 
have been made use of in this case or at previous occasions:
Biaxial bending tests with reinforced concrete slabs, 
Hooped column tests,
Shear tests.
Biaxial bending tests were conducted by the writer with reinforced 
concrete slabs of 6 in. thickness. The area under investigation was 
in each case a square 4 ft. 8 in. by 4 ft. 8 in. A special testing 
machine was designed by means of which it was intended that uniform­
ly distributed bending moments could be applied along the edges of 
this square. In this way a nearly uniform distribution of moments 
over the area was obtained. The report on these tests will follow 
in Chapter III. The question of the strength and deformations of a 
biaxlally reinforced slab is of importance because of the important 
use of the slab as a commercial structure.
In the inside of a spiral reinforced column the concrete is 
stressed in three directions. Strain gage observations on the
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spirals give information about the intensity of the lateral pres­
sures. A number of test data are available from tests made by 
others at various times with the purpose of investigating the 
column question in general.
The writer proposes that tests be made with spiral reinforced 
columns with oval section. The stress distribution in the spirals 
and their curvatures will define fairly exactly the lateral com­
pressive stresses in the inside of the column, and this would fur­
nish information with respect to the case of three different stressf 
es in the principal directions. Some information on this point 
can be obtained from tests with eccentrically loaded columns.
Shear specimens of the type shown in Fig. 1 were tested by 
the writer. Shear may be considered as a combination of equal­
valued tension and compression, and in that way a shear test throws 
light on the general question of compound stressing.
3. Acknowledgment.—  Prof. A. Ostenfeld, Engineering Col­
lege -of Copenhagen, suggested to the ?nriter to take up the study 
of the strength-compound-stress relations. Prof. A. N. Talbot, 
of the University of Illinois, encouraged this and approved the 
preliminary plans. The work has been carried out under his super­
vision at the University of Illinois Engineering Experiment Sta­
tion. His ideas and suggestions have been followed at numerous 
points, all through the investigation. The writer also wishes 
to acknowledge the services rendered by Erof. W. A. Slater and 
Mr. H. F. Gonnerman, University of Illinois Engineering Experiment 
Station. This applies in particular to the many details in the 
planning of the tests and in the d&ily work in the Laboratory. 
Further, acknowledgment is made to Mr. J. 0. Draffin and Mr. L.
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J, Larson, Research Fellows at the Engineering Experiment Station. 
About one-half of the total number of strain gage readings were 
taken by them, and also in other ways they took part in the test­
ing. Also Mr. R. L. Templin, Research Fellow,and Mr. A. J. A. 
Anderson, Graduate Student at the University of Illinois, rendered 
assistance during the testing.
4. Historical Review with Reference to the Strength-Comuound- 
Stress Problem.—  A bibliography on the subject of strength-com­
pound-stress relations in general is given in a bulletin by Albert 
J. Becker, "She Strength and Stiffness of Steel under Biaxial load­
ing", University of Illinois Engineering Experiment Station, Bulle­
tin Ho. 85, 1916 (written 1915}. A. J. Becker's investigation deals 
mainly,as indicated by the title,with the strength-compound-stress 
problem for steel, but the historical introduction and the bibliog­
raphy have-reference to the problem in general. In view of this 
it will be sufficient here to review the history of the strength- 
compound- stress problem very briefly. A few additional references 
or dates may be found in the following, but otheiwiitreference is made 
to A. J. Becker's treatment.
The theories that have been proposed, discussed, and applied 
in the course of time may briefly be classified as follows:
a. The maximum stress theory assumes that failure occurs 
when the maximum tension or the maximum compression reaches cer­
tain limits. This theory is the oldest, dating from tome of the 
earliest discussions regarding the strength of material.
b. The maximum strain theory measures the tendency to 
rupture in terms of the maximum elongation or compressive deforma­
tion (Mariotte, later, about 1840, brought up by Poncelet, and
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Saint-Yenant). This theory is used to a large extent.
c. The maximum shear theory assumes that failure ocexirs 
when the maximum shear reaches a certain limit. (Coulomb, 1773).
d. The internal friction theory: the material fails when 
the shear in any section exceeds the value of the pure shear fric­
tional adhesion plus the additional friction due to the normal com­
pression (Coulomb's shear theory modified by himself, see for in­
stance his "Theorie des Machines Simples", Paris, 1821).
e. The maximum stress difference theory makes the rup­
ture depend upon the difference between the maximum and the mini­
mum principal stress (Tresca, Darwin). This theory is in results 
coinciding with the maximum shear theory.
f. Failure occurs when some function of the shear and the 
normal stress in the same section reaches a certain value. Such 
functions should be determined by experiments. Mohr advocated 
this theory in 1900. It is more pliable to experimental results 
than the previous theories. In fact it allows any number of em­
pirical constants to enter into the law of rupture. It follows 
practically from the theory as it is stated here that the failure 
at a certain point depends on the maximum and minimum principal 
stress, but not on the principal stress in the third direction.
As references may be mentioned:
Otto Mohr, Zeitachr d. Vereines deut*cher Ingenieure, 1900, 
p. 1530.
Fflppl, Mittheilungen aus dem meehanisch-technischen labora- 
torium der technischen Hochschule, Mtlnchen, Vol. 27, 1900.
—  i Technische Mechanik, Vol. V (ed. 1907) p.19 - 29 
(these pages of FOppl's textbook are devoted particularly to the
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discussion of Mohr’s theory).
Mohr’s theory comprises for instance the internal friction theory 
as a special case. In this connection reference is made to Feret’s 
discussions regarding the rupture of brittle materials. See, for 
example, Feret, Congr^s international des M&thodes d'Essay des 
Mat&riaux de Construction, Paris, 1900, Vol. 1, p. 301 - 350, and 
itude experimental du Ciment Armfe, Paris, 1906, Chapter V.
g. A. J. Becker drew the conclusion from his own tests 
that with biaxial stressing of steel the yielding of the material 
is governed in some cases by the maximum shear, in some cases by 
the maximum strain. Which rule is the predominant depends upon 
whether the ratio between the principal stresses in the two di­
rections is greater or less than a certain value.—
The question of the resistance of concrete under compound 
stressing is perhaps of most practical importance in connection 
with the design of hooped columns. The earlier as well as the 
more recent tests show this. It is sufficient to refer to the 
reports on tests made by Considire (Paris, 1902), v. Bach (Stutt­
gart,, 1905), v.Thullie (Lemburg, Austria, 1906), the French 
Government Committee on Beinforced Concrete (Commission du ciment 
arm&, Paris, 1907), Talbot (University of Illinois, 1907), Withey 
(University of Wisconsin, 1909), Rudeloff (Gross-Lichterfelde, 
Germany, 1910), American Concrete Institute Committee on Rein­
forced Concrete and Building Laws (Pittsburgh, published July, 1915 
- etc.
Shear tests have been made by E. MBrseh, see, for instance, 
his"Eisenbetonbau", Editionl912, p. 52 - 64. MBrsch's theoretical 
discussion is interesting in that he distinguishes between "SchuL"
and "Seher", pure shear and punching shear. The latter means 
shear confined to a certain plane or cylinder and corresponds 
to a higher resistance than the uniformly distributed "pure 
shear". His specimens were o£ three different sorts, short 
beams, torsion cylinders, and slotted beams.
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IX. ELEMENTS OP ANALYSIS OP STRESSES AND
STRAINS IN BIAXIAI-lY REINFORCED CONCRETE UNDER MONO- 
OR BIAXIAL STRESS. STRETCH AND FIEXURE OP PLATES.
5. The Structural Element Under Consideration.—  Pig. 2 il­
lustrates the element of concrete which is under consideration.
The reinforcements are parallel to the x-and y-axes. There is no 
load perpendicular to the xy-plane. The unit loads in the planes 
perpendicular to the x-and y- axes are indicated.
Pig. 3 shows the same element under the same kind of load, 
hut in this case the state of stresses is defined hy the unit 
loads in the two principal directions and hy the angle of these 
with the x- and y-axes (the principal directions are defined as 
usual as the directions in which the shear is zero.).
Pig. 4 and Pig. 5 show the element under two simple cases 
of stressing. It is the purpose to illustrate the difference be­
tween the biaxially reinforced concrete and the corresponding ele­
ment of a*homogeneous isotropic material. In Pig. 4 the load is 
a simple pull in the direction of the x-axis. Assume that the 
pull is sufficient to crack the concrete in directions perpendiculalf 
to the force direction, and assume for the time being that in con­
sequence of that the concrete carries no tension whatever. Then 
the steel parallel to the x-axis carries the tension alone, and 
the strain of the element in the direction of the x-axis will he 
defined hy the elastic resistance of this steel. In Pig. 5 the 
load is a simple pull of the same unit intensity hut its direction
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makes an angle of 45° with the steel. If the steel area is the 
same in the two directions there is symmetry about the force centei 
line I, and cracks may be expected in the direction II perpendic- 
ular to I. Assume as in the previous case^no tension is carried by 
the concrete in the force direction I. Then, it can be proved 
(later this will be done in detail) that each of the steel stresses 
is equal to the steel stress in the x-direction in the previous 
case. The total load on the element in Fig. 5 in the direction 
II is zero, consequently the steel stress components in the di­
rection II must be counterbalanced by a compression of the con­
crete in the same direction. If the corresponding compressive 
deformation is zero or negligible the unit deformation in the 
direction I would be twice the stretch in the force direction in 
Fig. 4. A positive compressive deformation in the direction IX 
would draw with it a further increase of the unit deformation in 
the direction I. This means that the modulus of elasticity in 
the direction of the steel under the assumptions made is more than 
twice the modulus of elasticity in the directions making an angle 
of 45° with the steel. It is also seen that the Poisson’s ratio 
of reversed lateral to longitudinal deformation is likely to be 
different in the two cases. The questions connected with the 
variations of elastic qualities with the directions is to be taken 
up in articles which follow.
A state of stresses as represented in Fig. £ and Fig. 3 may 
occur approximately in the tension surface of a reinforced slab.
As stated previously, the application to the question of flexure 
of plates is the main object of this theoretical investigation of 
the biaxially reinforced element under biaxial stress.
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6. Notation,—  In the notation used here the definition of 
the shearing deformations euv by using half of the angular
changes usually introduced is to he noted. The modulus of elas­
ticity in shear is defined correspondingly by the double of the 
usual amount. The advantage of this, as it will be brought out 
later, lies in the similarity produced in that way between stress 
relations and strain relations at one point.
Coordinates.
x, y, coordinates, Fig. 2, assumed horizontal, in directions 
of steel.
z, third coordinate, perpendicular to slab, assumed verticajL, 
positive downwards. In particular z = deflection of 
slab.
u, v, any other set of horizontal rectangular coordinates ob­
tained by turning x, y, about origin.
Directions.
I, II, directions of principal total stresses in the rein­
forced concrete element (see Fig. 3). Total stress 
means in this connection stress in concrete plus steel 
measured per unit area of reinforced concrete. The 
principal stress directions are the two directions 
perpendicular to one another, in which the shear is 
zero.
Ill, direction of maximum (principal) compression or mini­
mum tension in concrete alone (steel stresses left out 
of consideration), or direction of maximum compressive 
deformation of the reinforced concrete element as a
whole.
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IV, direction of maximum principal stretch of concrete 
(perpendicular to III).
Angles,
9 « angle between directions x and I (steel and principal 
stress).
Y =  angle x-IV, steel and principal strain.
a « angle (ux).
Stresses.
Total stresses: the expression "total stress" or "total unit
stress" means here stress in concrete plus steel measured 
per unit area of reinforced concrete, 
total unit normal stress on reinforced concrete element in 
Fig. 2 in the direction x measured f»r instance in pounds 
per square inch of reinforced concrete cross section.
Oy, total unit normal stress on reinforced concrete in y-direc- 
tion.
I or tjy, unit shearing stress in x-and y-directions. (She 
shearing stresses in the two directions are equal).
Ou« oV ’^ uv* normal total stresses and shearing stress in
uv-directions.
°rl,o'2» normal total stresses in principal directions I
and II (normal stresses maximum or minimum, no shear), 
pull carried by steel in x-direction per unit area of rein­
forced concrete element, eloss section perpendicular to 
x-axis.
5y, same in y-direction.
c, principal compressive unit stress in concrete alone.
| t, principal tensile unit stress in concrete alone.
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Amounts of Steel.
px , py, ratios of volume of steel in x- and y-direction re­
spectively to total volume.
Strains.
ex ,Sy,eu ,ev , unit elongations in the directions x, y, u, and 
v„ respectively.
ec , maximum (principal) compressive deformation (direction III) 
If negative, the numerical value represents the minimum 
stretch.
e-t, maximum principal elongation (direction IV).
e^y, shearing deformation in the directions xy, defined as
one-half times the angular change between the original 
x- and y-axes. Attention is called to the difference 
between this and the usual definition, which does not 
introduce the factor one-half. Compare the introductory 
remark to this article.
eu v , shearing deformation in uv-directions, defined in the same 
way as one-half times change of original angle between u 
and v.
Elastic Constants ,
E, modulus of elasticity of concrete.
K, Poisson’s ratio for concrete alone (ratio of reversed lateral
to longitudinal strain produced by longitudinal loading
only).
EG = shearing modulus for concrete alone. The change
in the definition of the shearing deformation accounts 
for the disappearance of the usual factor 2 in the de­
nominator.
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nE, modulus of elasticity of steel (n * 15 ordinarily assumed). 
®y> Young’s modulus of elasticity in the x- and y-directionS 
respectively for the reinforced concrete element taken 
as a whole.
Poisson's ratio for the reinforced concrete element when 
the load is in the x-direction.
Ky, same with load in the y-direction.
Gjjy, modulus of elasticity in shear for the reinforced concrete
element, in x-and y-directions (defined hy the ratio 
r ,— compare G). 
exy
»®v »®uv» constants defined in the same way hut with
reference to the uv-directions instead of the xy-direc- 
tions.
(EI)X and (EI)y, elastic resistance modulus of slab against 
bending in xz- and yz-planes respectively.
K"*. ^"y* Poisson's ratio for bendingjmoment in x- and y-direc- 
tion respectively.
(GlJ^y, elastic resistance modulus of slab against torsion in 
xz- and yz-planes.
X, constant entering in partial differential equation measur­
ing difference between the isotropic and the biaxially 
reinforced slab.
Moments, Vertical Shears, External Load, in Case of Binding.
X and Y, bending moments in x- and y-directions, positive when 
the tension is at bottom.
Z, torsional moment in x- and y-directions.
vertical shear per unit width in yz-plane.
Vy, same in xz-plane.
19.
w, external load on unit area of slab.
7. Auxiliary Graphical Method: Mohr *s or hand's M e t h o d A 
graphical method, originated in the first form by Mohr and further 
developed by Robert land, proved useful for this investigation.*
It applies to the variation of stresses or strains in different 
sections through one point, also to moments of inertia (in general 
to linear vector functions in the plane). The method will be men­
tioned in the following as "Land's method". We consider a case of 
determination of stresses. The notation given in Art. 6 is used, 
but with the understanding that the stresses introduced might ap­
ply to any isotropic or aeolotropic material.
Let ax and cry be the normal stresses in the x- and y-direc- 
tions, and let be the shearing stress'ee- in those two directions 
Denote by u and v any two coordinate axes perpendicular to one 
another (Fig. 6), by cru and oy the normal stresses in the direc­
tions u and v respectively^ and by £uv the shearing stress in the 
two directions. The graphical method determine® o\i> Ov» an<3- ^uv 
when crx , cry, ana t^y are known.
The operations are shown in Fig. 6: Draw AB m crx , BD = £xy» 
parallel to the x-axis and y-axis respectively, and so that the 
vector AD indicates the resulting force. Draw BC = cy in continua­
tion of AB and draw a circle on AO as diameter. Let and 0^ be 
the points of intersection between the circle and the axes v and 
u resepetively, and let B^ be the projection of D on A^C]_. Then 
the stresses in the v- and u-section are found as
*Robert Land: Der Spannungskreis, etc., Zeitschrift des Vereines 
deut^cher Ingenieure, 1895 pp. 1551 - 1554.
2fc.
°u “ -^ 1®1 "jf (positive direction towards the canter provided 
crv = J  ox + ory is positive; else positive in the op-
and Euv = i(^posite directions).
The angle with the normal of the resulting force on the section 
parallel to v is found as equal to the angle B]_A]_D.* u and v Be­
come the directions of the principal stresses when A^Cx passes tu 
through D —  see Big. $.
We shall now indicate a method By means of which it is pos­
sible in all cases to read in the diagram itself not only the mag­
nitudes But also the signs of the stresses. Assume in Fig. 6 -tfca
crn - o’* cos2a + cry sin2a - txy sinlo.
(a)cry «* orx sin2a + ary cos2a + sin la
t r s  l/2 *• Oy ) sinla + tjy cos&a (B)
From (a) follows
1 /2  (cy  + (Tu) « l/2 (cry + <tx ) (c)
and 1/2 (cry - cru ) » 1/2 ( ay - ax ) g o s&ol+ sinSa- (d) 
When 0 is the center in Fig. 6 we have OB = 1/2 (crx - cry ) 
and ^CxOC = 2 x. ^(ux) - 2a. Projecting the Broken line OBD on 
OAj, we find OB^ = right side expression in (d). Projecting OBD 
on BXD we find BXD - right side in (B). Hence OBx « 1/2 (cry-cru ), 
B^D =e tUy. From (c) follows 1/2 (oy + cru ) = radius of circle. 
Hence o"n* ^1®1 ** 0y ♦
* Land's method may Be derived as follows:
Denote By a the angle (ux). Then according to the text Books 
in Mechanics the relation between the stresses is expressed By the 
equations
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the stresses ax and ay to be tensions. In that case AB indicates 
the direction of the force on the part of material to the left side 
of the section considered. We indicate this by the cross hatching 
to the left side of the y-axis in Fig. 6. If had been a compres­
sion AB would indicate the force on the part to the right side of 
the section, and in that case the rule should be to put the cross 
hatching to the right side of the y-axis. This is represented in 
Fig. 7, where the stresses ax and ay are assumed to be compressions. 
By the cross hatching the starting point A is distinguished from 
other points of the circle, such as C, and the whole state of stress­
es is then defined by the starting point A with cross hatching, the 
circle, and the point D. The example in Fig. 8 bears this out xur- 
ther: ax * AB is a tension. ay is a compression because BC has the 
opposite direction of AC. au , the stress in the u-direction, is a 
compression because A]_B^  points away from the center and ax +ay is 
a tension. aT has the same sign as crx + ay because C]_B^  points 
towards the center, hence av is a tension.
The method has been presented here as applying to stresses.
The application to strains is exactly the same: the a's can be 
replaced by the corresponding unit elongations, and when the shear­
ing deformations are defined as in Art. 6 the shears t^y and £uv are 
replaced correspondingly by the shearing deformations eXy and euv.
8. Superposition of Land*s Circles.—  Fig. 9 and Fig. 10 
show cases of superposition of Land's circles on one another. This 
scheme of superposition is introduced for the purpose of decomposing 
total stresses into concrete stresses and steel stresses.
In Fig. 9 the circle S with the characteristic points A,B,C,and
22
D represent the state of stresses ax , £. In the same way the 
dashed circle S ’ with the characteristic points A', B , C', and D' 
represents the state of stresses o^ ., Oy, £'. When BA is continued 
hy Oj; to A", BC by ay to C', and BD by £' to D" then the circle S" 
over AnC" as diameter and with the characteristic points A", B , 0” , 
and D” represents the state of stresses crx + <xx , cry + Oy, £ + £'.
It is to be noted that the circle S' might be left out, and still 
the representation of the total stresses and the components would 
be complete.
All three circles in Fig. 9 represent states of stresses which 
are essentially tension. In Fig. 10 the compressions crXt cry are 
combined with the tensions cr^ , tfy* an<l the shear £ is increased by 
DD" - £'. The circle S" with the characteristic point D" represents 
the state of stresses ffx + o^, <Jy + Oy» £ + £*♦
9. Land’s Circles Applied to Stresses and Strains of the Re­
inforced Concrete Element.—  We are now ready to consider again 
the structural element shown in Fig. 2. We assume a certain state 
of strains ex , £y, e-^ y, and represent these by the Land's diagram in 
Fig. 11. The deformations are principally elongations. Ill and IV 
are the principal directions. The maximum elongation e-fc is in the 
direction IV while there is a small compressive deformation ec in the 
direction III.
We assume first that the deformations are comparatively small, 
and that cracks have not yegt appeared in the concrete. Then the 
concrete will carry a part of the tension, and the general shape 
of the Land's diagrams for stresses will be as shown in Fig. 12.
The direction of the principal stresses in the concrete, c in com­
pression and t in tension, are the same as the principal strain di-
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rections III and IV in Fig. 11. The magnitudes of the stresses c 
and t can be determined from the corresponding deformations e0 and 
e-fc by means of the stress-strain relations for the plain concrete.
Then the stress circle for the concrete can be drawn with t-c as 
diameter. The steel stresses sx and Sy measured per unit area of 
reinforced concrete are determined by the strains ex and ey.
Prolonging the horizontal diameter of the concrete stress circle 
by sx and Sy we find the horizontal diameter of the total stress cire 
The total shear t in the x- and y-directions is the shearing stress 
in the concrete alone* consequently the characteristic point D is th* 
same for the two circles.
In the total stress diagram can be measured the stresses <ry, 
and t in the xy-directions, the principal total stresses ai (tension1) 
and C2 (compression), and the principal directions I and II. It is 
seen that the principal directions of stresses, I and II, and of 
strains, III and IV, will in general not coincide.
Assume now that the strains in Fig. 11 increase, and do so at 
the same rate so that the shape of the strain diagram remains the 
same. Then a point will be reached when the stress-strain ratio of
strain ratio in tension, and consequently the compression c may ex­
ceed the tension t. This is shown in Fig. 13. The directions of 
these principal concrete stresses remain unchanged coinciding with 
the principal strain directions in Fig. 11. The procedure of de­
termining the concrete circle, the total stress circle^and the prin­
cipal total stress directions I and II, is the same as in the case 
represented by Fig. 12, only the opposite sides of the concrete 
circle have to be used as starting points in the laying out of the
the concrete in compression is considerably greater than the stress-
£4.
steel stresses ax and sy .
With a further increase of the deformations in Pig. 11 the ap*
give-
pearance of cracks may^notice df the entire breaking down of the com­
pressive resistance of the concrete. Then the characteristic point 
D (compare Pig. 6) will be located on the concrete stress circle. 
This is shown in Pig. l^. The laying out of the distances repre­
senting the steel stresses sx and sy is the same as in Pig. 13.
The cr's and the £ are used in the same meanings as in the previous 
cases.
10. Investigation of a Case of Mono'"'axial Compression Under 
Varying Angle with the Steel.—  Por the more detailed investigation 
a case of two per cent reinforcement in each direction is selected. 
This rather high percentage is chosen with the later application to 
the slab flexure question in view. Two per cent reinforcement in 
the tension or compression side of a slab might correspond, for in­
stance, to one per cent in the whole volume. Another reason for 
choosing the figure two per cent is that the difference between the 
isotropic and biaxially reinforced material is the more evident the 
higher the percentage of reinforcement is.
The stresses are assumed to be small enough to allow the use 
of a constant modulus of elasticity of the plain concrete. This 
also applies to tension whenever it may appear, n * 15 is assumed 
as the ratio of the moduli of elasticity of steel and concrete.
Por the sake of convenience Poisson's ratio of reversed lateral to 
longitudinal deformations is chosen as zero. The additional work 
^necessary in taking a positive Poisson's ratio into consideration 
would be very small. (Compare Art. 14).
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The total stress circle in the case under investigation is 
shown as the heavy circle in Fig. 15. The characteristic point 
corresponding to D in Fig. 6 is assumed to move around on the cir­
cumference of this circle through the position marked 0°, 15°, 30°, 
45®. This arrangement corresponds to a constant mono^axial com­
pression with the angle 9 equal to 0®, 15®, 30®, 45°, respectively, V 
between the x-axis and the principal stress directions.
With two per cent^in the x-direction, n = 15, £ = 0, we find 
the ratio of compression carried in this direction by the steel to 
that carried by the concrete to be equal to 15 x .02 =0.3. When 
9 = 30®, for instance, the starting point A' for the concrete stress 
circle can be determined from the points B and A (same significance
as in Fig. 6) by the relation —ft A! » -  1 , The other end O'
„ ^  B A (1+0.3) _of the horizontal diameter is determined by - B_ f. _ same rati0 .
B C
The concrete circles for the other values of 9 are found in the same 
way. The diameter of the concrete circle appears to be a constant 
independent of 9.
As the strains are proportional to the concrete stresses we 
can use the concrete circles as strain circles, only a proper scale 
must be introduced. This scale is defined by the condition that 
the diameter of the stress circle shall represent the deformation 
which would occur if there were no reinforcement. Some of the 
distances representing the principal compressive deformations sc , anc 
tensile deformations are indicated in the diagram. Fig. 15. Also 
the method of finding the principal strain directions is shown for 
9 « 15° and 9 = 30®.
Fig. 1§ shows the principal strains in magnitude and direction 
as found by the diagram in Fig. 15. The strain diagram thus obtained
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is symmetrical about the x- and y-axis and about the axes making 
an angle of 45° with the x-and y-axis. It is seen that the greatest 
stress-strain ratio is in the direction of the steel, the smallest 
in the direction making 45° with the steel. Compression at an angle 
of 45° produces a lateral stretch even though Poisson's ratio for 
the plain concrete is assumed to be zero.
The compressions in the steel as dependent on the angle 9 of 
the principal stress are plotted in Pig. 17. With 9 = 30° for in­
stance, AA' in Pig. 15 represents the steel stress. The curve 
found in a sine curve.
General stress strain relations in form of equations will be 
derived in a later article. In connection with the present case it 
will only be mentioned that two elastic constants are sufficient 
here to define the relations: the modulus of elasticity in the di­
rection of the steel, as defined by the combined resistance of 
steel and concrete, and the shearing modulus in the x- y- direc­
tions, which is equal to the shearing modulus of the concrete alone.
In the case of monO~'axial tension the method and the results 
found here may be applied, but only as long as the concrete has 
not yet cracked in tension.
11. Method of Graphical Investigation When the Concrete has 
Cracked in Tension.-- When the concrete has cracked in tension 
it may be assumed that no tensile elastic resistance is offered 
by the concrete itself. The character of the stress diagram is 
then as in Pig. 14. When the ratio of steel is the same in the 
two directions the graphical method proposed in Pig. 18 may be 
used . Only small modifications are required if the steel ratios 
in the two directions are different.
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The letters A, B, C, D, and 0 have the same meaning in Fig.
18 as in Fig. 6. This also applies to the same letters with one or 
two primes. A, B - - - - 0 without primes refer to the total stress 
circle, A ’ - - - - O' to the concrete circle, A" - - - - 0" to the 
strain circle. The problem is to draw the concrete circle A'DC’ in
such a way that tne steel stresses represented by AA' = sx , CC' = 
Sy correspond with the values of the elongations ex and £y when 
these are found by the corresponding strain circle.
The scale for the deformations is chosen so that the strains 
are represented by the same distances as the corresponding steel
stresses. The diameter of the strain circle is ex + gy, which is 
represented by the distance sx + Sy = ox + cry + c. We choose the 
center 0" of the strain circle coinciding with the center O' of the 
concrete circle. As O'D* = l/2*Cthe remainder of the radius O^A”^ 
will be D'A’*! * l/2(cri + erg) = radius of total stress circle. This
means that the strain circle is tangent to the circle S with center 
in D ’ and radius equal to the radius of total stress circle.
■y
We choose the starting point & of the strain circle at the rcjkt 
side of this circle. The cross hatching at A” then has to be on the 
right side of the tangent —  according to the rule laid out in Art.
7. It will be proved that B" coincides with the center 0 of the 
total stress circle, that is, it will be shown that the character­
istic point D" for the strain circle is located on the vertical line 
through the center 0 of the total stress circle. We have: AA' » 
sv . AO" * sT - l/2c, AO = l/2(crx + cry) = l/2(sx + Sy - c), hence°T * *
W 1/ *“ X j 2 i *f* S-y C ) r )f( S.
ities of the strain circle follows B"0" 
ly B" coincides with 0.
-  S y ) . From the qual-
l/2(sx - S y ) , consequent-
D"C" *» ec , the principal compressive deformation/may be assumed 
to be a known function of the compression c alone, k ’ diagram can 
then be drawn showing the relation between O'D and D"C". By means 
of this the point D" may be found as follows: Draw some line
through D. Denote for the time being the intersections of this 
line with the circle S and the AOC-axis by A"i and 0* respectively. 
Mark on this line 0"^ defined by O'G" « A"ioi* Findj^he diagram 
ec corresponding to l/2c = O'D', and lay this distance out from 
C"i in the direction O'G". If the point D" thus arrived at is 
located on the vertical line through 0, then the correct positions 
of A"i, 0 1, C"i, and D" have been found. If not __ ^
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the point found for Dn is marked temporarily. The process is now 
repeated one or two times. In this way a curve for D" is obtained, 
of which the intersection with the vertical line through 0 gives the 
correct location of D". The line DD” then defines the correct points 
O', A<[ >and .
When a constant modulus of elasticity can he used, the ratio 
of the depth under the x-axis of the mid-point M between and D" 
to the distance BD becomes a constant, equal to np (n = ratio of 
moduli of elasticity, p «■ ratio of steel. With n = 15, for instance, 
and two per cent of steel in each direction, the ratio is 15 x .02 *■ 
0.3). Then a horizontal line L may be drawn in which this mid-point 
must be located. By means of this it is possible to drawnthe line 
A^MD" very quickly.
The determination of the principal directions I, III, and IV 
is shown in the diagram Pig. 18.
12. Limitation of Method in Art. 11.—  Tension cannot be trans­
ferred through the concrete across a crack, consequently the maxi­
mum steel stresses, located at the points of the cracks must be 
expected to take values as found by the method developed in Art.
II. Between the cracks the concrete carries a part of the tension, 
hence the average strains must be smaller than found by the graph­
ical method used. If uniformity of this influence wan be expected 
the method might be adjusted by modifying the elastic constants. 
Qualitatively, the method is expected to give correct information 
regarding the laws of strain.
13. Graphical Investigation in a 8ase in Which Tension Under 
a Varying Angle is One of the Principal Stresses.—  The method
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developed in Art» 11 will now be applied to a definite case. As 
in Art. l6 and for the same reasons we assume:
2$ steel in each direction.
n = 15 = ratio of moduli of elasticity of steel and concrete 
in compression respectively.
The graphical investigation is carried out for five different 
ratios of the principal stresses:
in Fig; 19 - 2$ 
Fig. 21 - 22 
Fig. 23 - 24 
Fig. 25 - 26 
Fig. 27 - 28
ff2
* 1:0, simple tension.
1:1/2 )
) biaxial tension
1:1 )
l:-l/2, tension and compression 
1:-1, shear
Fig. 19, 21, 23, 25, 27 show the Land's circle stress and 
strain diagrams. The principal stress cr^  is shown with a con­
stant length in all five cases. The angles 9 introduced are 
9 = 0 ® ,  5°, 15®, 30®, and 45®. (9 = angle between principal
stress cri and steel in x-direction) ♦ The characteristic points 
corresponding to D in Fig. 18 are indicated by double circles. 
The total stress circles are shown with heavy lines, the con­
crete circles with dash lines, the strain circles with thin full 
lines.
In Fig. 21 the two points marked D” correspond both with 
9 = 0 ®  according to the method of Fig. 18. Every point between 
would give equilibrium also. A neutral equilibrium is then at 
hand in which the shearing deformation can vary between the 
extreme values defined by the two extreme positions of L". ex , 
6y have fixed values, and the strain circle itself is fixed. In 
Fig. 23 in which = ag the points marked a, b, ----- k, 1, m
areaall possible locations of the characteristic strain point D".
In Fig. 20, 22, 24, 26, and 28 the principal strains corres­
ponding to the individual cases are shown in magnitude and direc­
tion by the curves e-fc add ec , plotted in polar coordinates against 
the principal strain angles ^ . The principal stress angles 9 are 
written at the points determined. The steel stresses sT end Sy are 
plotted against the angles 9, also in polar coordinates. Special 
attention is called to the parts of the e-fc- and e0-curves in Fig.
22 and Fig. 24 corresponding to the neutral equilibrium in Fig. 21
and 23. In Fig. 23 and Fig. 24 the letters a ------- m indicate
the correspondency between the various points.
In Fig. 29 the strain curves for the five cases are combined.
The e-fc-curves and ec-curves are shown in polar coordinates plotted 
against \|/ and + 90° respectively. The angles indicated are 
the 9's. The set of curves shown may be considered as a graphical 
representation of the stress-strain relation in the given case.
The comparatively low stress-strain ratios in the 45° directions 
are apparent from the shape of the curves.
Fig. 30 Shows the steel stress plotted in rectangular coordin­
ates against the principal total stress angle 9. It is seen that the 
stresses for 9 = 0 °  and 9 « 45° are equal. The maximum, except for 
crq :<rg *1:1, corresponds to some value of 9 between 0° and 45°. This 
maximum stress is higher than would correspond to the steel carry­
ing the pull a\ in its own direction.
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14. General Stress-Strain Equations and Elastic Constants when 
the Concrete has not Cracked.—  Using the notation given in Art. 6 
we have:
o'x ” sx J) positive as tension
)
Concrete stress in x-direetion 
Concrete stress in y-direction « oy - Sy 
Assuming constant modulus of elasticity E and Poisson's ratio £ 
for the concrete the stress-strain conditions derived from the elas­
ticity qualities of the concrete may he written
Ee.,
Ee7
(°x - sx ^ *  2!cry * sy^
-K(av -St ) + (cry - sv )>7 i
and Ge. E
(1)
(2}xy ~ T T Y  xy*
(Compare the special definitions of and G introduced in Art. 6.) 
The elasticity of the steel gives 
nEp^ex - sx
n E p y S y  «  S y
Combination of (3) and (l) gives
(3)
E ( l + n p x ) e x  -  E K n p y C y  =  crx  -  Kcry )
)
(4 )
-EKnpxsx + E(l + npyjey =-£o'x+Oy 
These two linear relations in connection with (2) express the com­
plete relations between total stresses and strains.
Solving (4) we find the direct expressions for ex and ey
e m  jLLjLjjrrl.2J.fiPyi Px.- - ___.— j
E JjL + n(px+py) + (1-K2 In P x P
) (5)
and e « -fj-. .±..il-g.2JnPxl-gy------ j
s £i + n(P3ffPy) + (l-K2)n2p3cPyJ
Prom (2) and (5) five general elastic constants for the compound
material are derived:
" s  " r ! f (6 )
r i39.
that is, shearing modulus in the xy-directions is equal to the 
plain concrete sheering modulus.
Further;
E_ * E—1 t n<Pa*Py) + (l-K^jn^p^py. )
1 + (I-K2 )nPy )
(7)
Ey = similar expression (x and y exchanged))
( 8 )
Ky = similar expression (x and y exchanged)
1
15. Discussion Regarding Stress-Strain Relations when the 
Concrete has Cracked. Reinforcement Assumed Equal in Two Directions.- 
The breaking down of the tensile resistance of the concrete when 
the cracks appear infers that also with the biaxially reinforced 
element the laws of elasticity are likely to be discontinuous.
That general linear stress-strain relations cannot be indicated is
S seen by a glance at Fig. 29, where, for instance, the 1:-1 curve shows a much larger compressive than tensile stress-strain ratio.
By considering the 1:0 curve we find that Poisson's ratio for 
forces in the x-direction is %  * 0 while for the 45° direction 
it is Ku ■ .13. The ratio of the corresponding moduli of elas-
!
 ticity is approximately, as it may be found by measuring distances 
in the diagram, E^/Ej- ♦ 0.45/1. The difference in the elasticity 
in the two directions allows the E's and the K's to differ individ­
ually, but from the relations between stresses in the x-direction 
and the 45° direction and from the similar relations between the 
strains it is possible to derive as a necessary condition of general
linearity*
Eu/E* = (l-K^/fl-E*) (9)
Trying the numerical graphically determined values by introducing 
them in this equation we find that
.45/1 should be made equal to (l-.13)/(l-0)
in order to satisfy (9). Adjusting each Of the four factors by
bymultiplying or dividing/.85 equality may be established in the form 
.53/.85 - .74/1.18
which means that the Poisson's ratios would have to be corrected 
to Kx — **.18, Kjj = +.26.
When values have been found or chosen for S's and k's the shear-
Constants like these should be used only as approximations, 
for instance, when the purpose is to find a partial differential 
equation by means of which the distribution of stresses over a 
certain area can be investigated (Compare the investigation of 
flexure in the following articles.).
* We have Exex = a* K^Oy, Exey . + cry ,
hence E^fe^Sy) = (1-K^) (ffx+cry).
Replacing in this equation the indices x and y by u and v and in­
troducing ex + ey =s eu + By and orx + Oy m + ay equation (9) is
found.
§ This follows from the relations of the form £uv = l/2 (crx-cry), 
euv - 1/2 (ex-sy ), &xyexy - ^xy and from the relations given in 
the previous footnote.
ing moduli are determined by the relations §
Gxy “ Eu/ ^ 1+^. ♦ Guv = Ex/ (l+Kx i (10)
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Possible forms of approximate linear but discontinuous 
stress-strain relations may be derived from a close consideration
of Pig. 18. First assume that we desire the relations to be eon-■
tinuous between 9 » 0° and 9 «■ 90°. In that case the diameter of 
the concrete circle and the shearing deformation OD” might be ex­
pressed as linear homogeneous functions of £ and ox+oy, but with 
no terms containing The latter restriction follows from
the requirement of symmetry with respect to the 45° direction. In 
the same way the distance O'B' may be expressed approximately as 
a linear function of a’x'"0'y alone. The steel stresses sx =AA" and 
Sy = CC’ then appear as linear functions of and £.
When 9 passes the values 0° or 90° £ changes sign. Conse- 
quently to preserve the symmetry double signs have to be introduced 
in the stress-s.train formulas, one set corresponding to positive 
£'s and one to negative £'s.
If discontinuities are allowed also at 9 = 45° the approxi­
mation obtained by linear expressions may be improvedd. Any linear 
homogeneous expressions in c rx , ay , and £ may then be introduced 
in the expressions for c, sx , Sy, and
16. A Case of Biaxial Bending: The Elastic Constants and the 
Relations Between Curvatures and BendingliM o m e n t s The slab under 
consideration has one per cent reinforcement in each direction at 
the bottom. In order that various combinations of positive and 
negative bending moments may be studied conveniently we assume the 
same amount of reinforcement at the top.
The purpose of this discussion of biaxial bending is to ob­
tain a comparison between the homogeneous and the biaxially rein-
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forced slab. The first step towards this is to find an approximate 
partial differential equation, the solution of which will give a 
nearly correct distribution of the bending moments and torsional 
moments in the slab. When the individual moments are found the 
stresses may be evaluated by such graphical methods as were devel­
oped in the previous articles.
When the emphasis is laid on the distribution of moments overassumed
the slabs an approximation may be allowed with respect to thfi/dis­
tribution of resistance over the height of the section. To make 
the calculation as easy as possible the resisting horizontal stresses 
are assumed to be concentrated in the planes of the steel at top 
and bottom of the slab. The assumed connection between the re­
sisting layers allows the transmission of shearing forces without 
shearing deformations being produced. The deflections of the slab 
depend on the curvatures and torsional deformations of the indiv­
idual area elements. The curvatufce (that is, one divided by radius 
of curvature) in the xz-plane at a certain point is wqual to the 
compressive deformation in the x-direction in the one resisting 
layer plus the stretch in the other layer divided by the distance 
between the two layers. Torsional deformation is defined in a 
similar way by the sum of the shearing deformations in opposite 
directions at top and bottom. We use for the bottom layer the 
notation previously adopted, for the top layer the same letters 
but with a prime mark, u and v denote the 45° directions. The 
important deformations are
^x» ey. ®xy* * ®uv bottom layer,
x* e'uv at top layer.
The deformations represented by their algebraic differences
Sy - e - - - - eTuv r <p £ ^TIT
are then proportional to curvatures and torsional deformations.
The total stresses are assumed to he numerically the same hut op­
posite in sign at top and bottom, hence the stresses at bottom can 
he used as a measure of the bending moments.
Two cases will now he studied, cri:ff2 * 1 : 0  and a\'*az = 1|-1. 
The deformations can he measured graphically in Fig. 16, Fig. £0, 
and Fig. 28. In Fig. 16 the scale of deformations was chosen so 
that the stresses and strains of the concrete are represented by 
the same distances, while in Fig. £0 and Fig. £8 this was the case 
with the stresses and strains in the steel. Consequently, the dis­
tances in Fig. 16 should he multiplied by pn «= ,0£ x 15 * 0.3 be­
fore they are compared with Fig. £0 and Fig. £8. We now measure 
the following relative deformations:
Deformations when Prin­
cipal Moments and Stress­
es are in x-direction
Longitude
inally
Laterally Longitud­
inally
Laterally
Case I,
cri JOg^lfC
bottom 
. top — £ * y- 22 #23
e7 = 0 
- e %  - 0 **  ^• SO * • 26
ev = -.30
"8 SB ■* «04Measure
of
Bending e"x3=ex-s 'x= 1.23
—«r
eV ey-£,y= e"u*su~e 'u35 2.56 e"v^^v”®*v= -.34
Case II 
ci: o- 2 = 1: -
bottom 
1 top
£x = 1.00 
-s*x = .23
£y = — #23 
“£ ** 1#00
s^ = 2.60 
-e*u = .60
£y = - .60
-e*y = —2.60Measure
of
Bending £,,x =ex-® 'x3 1.23
e”y=ey-e1 
^  -1.23 e"u“®u-e *u" 3.26
S”y=Sy—£ *y= 
-3.20
Deformations when 
Principal Moments 
and Stresses are in 
45°-direetion.
If linear relations exist between the bending moments and the bend­
ing aeifieBmations the same hind of relations between the elastic con­
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stants must be satisfied as expressed in Art. 15 by the equations 
(9) and (10). The Poisson's ratio for bending are defined as
to Case I. As Case II, with principal stresses in x-direction, is 
equivalent to the case of torsional or shearing moments in the 45° 
directions we have corresponding to the condition (10) Art. 15:
1.23/1.23 - 1 + K"x , therefore X " ^  = 0, 
which is the same as the value found by the direct definition. 
Equation (12) gives
3.20/2.56 = 1+K”U , therefore K"u =0.25 
while the direct definition gives
= .34/2.56 = 0.13
As 1 + X" and 1 - X" are the important factors entering into the 
relations between the constants it seems proper to average the two 
values found for X"u . Putting K"u = .19 instead of .25 changes 
1 + X"u by 5 fo.The deformations e"u = 2.56 and 3.20 are then pro­
perly corrected by 2.5$ each, giving the adjusted values 2.62 and 
3.12. We have then the preliminary adjusted values for case of 
load I
e"x = 1-23, X"x = 0, e"u = 2.62, X"u = .19.
How the corrections corresponding to the condition (9) in Art. 15 
are to be made. In this case the condition may be expressed 
e'Vl-Kx) - eVl-Eu), case of load I ,
1.23(1 - 0) should be made equal to 2,62(1-0.19).
The left side of this inequality is 0.58 ^  .875of the right side 
expression. Adjusting each of the four factors by multiplying or 
dividing with .87 we find finally
S"x = ~ey/e"x K"u = e"v/e"u with the e"'s corresponding
e"x (Case II)/e"x (Case I) = 1 + X"x 
and e"u (Case II)/e"u (Case I) = 1 + X"u 
Introduction of the numerical values in (11) gives
(11)
(12)
that is
45
In a homogeneous isotropic slab the resistances against 
bending and torsional flexure are given by the product El of 
modulus of elasticity and moment of inertia and by the product 
GI of shearing modulus and moment of inertia. (GI) * (EI)/(1 + K)
I
 expresses the relation between the moduli of elasticity and 
Poisson's ratio K , G being defined according to the notation 
given in Art. 6. The corresponding loads are the bending moments
and torsional moment, and the deformations are curvatures such
52z k zas - -r-rr and torsional deformations such as - ■£ .2. .
b r  6x6y
For the biaxially reinforced slab we have a set of constants,
defining the elastic resistance against flexure. With the notation
agreed upon in Art. 6 a set of that kind can be written
(El)y, (Gl)sy, (EI)U , (31 )y , ( GI )Uy .
The indices are used as in the previous cases. They refer to the
various directions, in this case the directions of the moments.
u and v represent here the 45° directions. With (EI)X =* (EI)y =
1 we find (EI)U =» (EI)V =» e"x/e"u ® 1.40/2.30 ® .61, (Gli^y *
(EI)U/(1+K”U ) . .61/1.30 « .47, and (Gl)uv - (El j^/d+K’^ ) *
O-fiConslalta
1/0.85 * 1.18, so the complete set^is 
1, 1, 0.47, 0.61, 0.61, 1.18,to which corresponds the Poisson's ratios <= £"y = - .15,
K"u - K"v . +.30.
The elastic constants define the relations between the flex­
ural deformation and the bending moments X and I and the torsional 
moment Z:
= 2 - E"yY, -(ElJy — =»-K"xX + Y, - (GI ^ xy'^^y " ^
(13)
Similar equations may be derived expressing the same laws of flex-
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ure with u and v as independent variables.
17. References Regarding Flexure of Plates in General.—  A 
prize awarded theoretical investigation regarding vibration of plates 
written by Idle. Sophie Germain was published 1821 in Paris. Since 
a great number of theoretical treatments of the general plate flex­
ure have appeared. The introductory derivation of partial differ­
ential equations and treatment of simple cases, such as circular 
plates, have entered as necessary parts of the more advanced text­
books or treatises dealing with the elasticity of materials.
As an example reference may be made to
then
A. F0ppl, Teehnische Mechanik, Yol. Ill, ed. 1905, part 
7, Yol. V, Ed. 1907, part 2.
A broad, and from a historical view point very complete treat­
ment is given in
A. E. H. love, Mathematical Theory of Elasticity, ed. 1906, 
Chapter XXII.
A special interest has Saint-Venant1s and Flamant1s translation of 
Clebsch's treatise with appendix by Saint-Venant (Paris 1883).
A treatise within the reinforced concrete literature in which 
an important part is devoted to the questions of slabs is written 
by H. T. Eddy and C. A. P. Turner, Concrete Steel Construction,
Minneapolis, 1914.
Important references of a more special nature are the following:
Sstanave: Contribution a 1'etude de l'&quilibre dlastique
d'une plaque rectangulaire mince. Theses pre­
sentees A la Faculty des Sciences de Paris, 1900. 
J. Hadamard: Sur le problems d'analyse relatif a l'equilibre
des plaques eiastiques encastrees, Memoires des
W. Ritz:
Hager:
Heinrich Leitz
i iArpad Mdai:
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Savants Strangers, Vol. 33, 1907 (Awarded the 
prixe of the French Academy.).
t»Uher eine neue Methode, etc., Journal filr die 
reine und angewandte Mathematik, Yol. 135, 1909. 
Berechnung ehener, reehteckiger Flatten mittels 
trigonometrisoher Reihen, 1911.
Same subject, in Deu^che Bauze/tung, 1912, Beton- 
beilage Ho. 1.
Die Berechnung der frei aufliegenden rechteckige 
/fatten. Forschungsarbeiten auf dem Gebiete des 
Eisenbetons, Vol. 23, 1914.
Die Form&nderungen und die ^ pannungen von recht- 
eckigen Flatten, Vol. 170 and 171, Forschungs- 
arbeiten auf dem Gebiete des Ingeniaurwesens, 
Berlin, 1915.
Other theoretical investigations have been made by H. Hertz, LSvy, 
KBtter, Reissner, Simic, Sommerfeld, Dougall, Lorenz, and others.
As references having a special interest in connection with 
reinforced concrete shall be mentioned
Joh. B. Bosch: Berechnung der gekreuzt armierten Eisenbeton-
platte und deren Aufnahmentr&ger, Forschungs- 
arbeiten auf dem Gebiete des Eisenbetons, Fol.
9, Berlin, 1908.
Beitrage zur Berechnung der kret/zweise bewehrten 
Eisenbetonplatten, etc. ibid, Vol. 21, 1913. 
Deutscher Ausschuss fUr Eisenbeton, Vol. 30,
1915.
18. General Partial Differential Equations for the Flexure of
Arturo Danuso
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the Biaxially Reinforced Slab.—  The question of the aeolotropic, 
biaxially reinforced slab will now be taken up again. We repeat 
a part of the notation agreed upon in Art. 6. 
z, deflection, positive down.
X and Y, bending moments in the x- and y-directions, positive 
when the tension is at the bottom.
Z, torsional moment in x- and y-directions.
(El and
(EI)y, resistance moduli against bending in xz- and yz- 
planes.
Knx , Poisson’s ratio for bending moment in x-direction.
K'V. same with moment in y-direction.
xy, resistance modulus against torsion in xz- and yz- 
planes.
vertical shear per unit width in yz-plane.
5ame in xz-plane.
external load on unit area of slab.
Y 
(fil)
'x»
V
W,
The equations of equilibrium arrived at in Art. 16 were 
- ( E D y E z  = X - K"Y, -(EI)j£z » +Y, -(GI
6x^ ^  Ox by (13)
These equations were derived for a symmetrically reinforced slab 
with equal reinforcments in the x- and y-directions and at top and 
bottom. In that case (EI)X = (EI)y , K” x = K"y. In the form (13), 
with the distinction between the constants made by the indices, the 
equations (13) apply to the general case of a biaxially reinforced 
slab in which x and y are axes of elastic symmetry, and in which 
general linear load-deformation relations can be applied.
The following equation is transferred unchanged from the theory
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of the homogeneous slab, this being possible because it expresses
a relation between the load and the moments only;
52X . 62Y
6 x 2 6 x 5 y  6 ^
= -W (14)
By double differentiations of the equations (13) we now find:
-(El),
-(El)
-(El)
-(El)
-(GI)
04Z 6 % K”.5*y
7
~ s ?  * 8 ?  •
ifz _ giS8! + 6f
6y4 by 2 by2
S4z, _ 5 %  _ Kn j)
x Sx25y2 6y2 ^ §y2 1
64z = _Kn + 62Y
Ox2 Oy2 6x2 6x2
62Y
xy fr4 z „  02 Z  6x2 by2 Ox by
Multiplying these equations by -1, -1, -£"x , - F y , and -2(l-£"xX"y), 
respectively, adding, and introducing (14) we find
(EI)X + [K"X (EI)X + K"y(El)y + 2(l-£”xK”y)(GI)XyJ o4z Ox2 Oy*
+ (El)y 04 z
by ( l - £ " xKWy)w .
(15)
Except for the boundary conditions this linear partial differential 
equation defines the law of flexure of the slab. Equations of the 
form (13) are to be used as one set of boundary conditions. Another 
set of boundary conditions consists of two equations expressing the 
shear as a function of the moments.These equations are transferred 
unchapd from the theory of the homogeneous isotropic slab?
6 X 
’& x
6 Z
5 y ’ '7
u
6 x
6 Y
8 y
(16)
The partial differential equation for the homogeneous isotropic 
slab may be derived from (15) as a special case. Hemoving the in­
dices and putting G - E/fl+Kl) in the usual equation is refound:
4
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64:z___ + c, S4Z S4z
5x* 0x28y2 ^
1-K‘ w (17)
oy EI
19. Case of Equal Reinforcements in x-.and y-directions. Out­
line of a Partially Graphical Method of Solving in Special Oases 
the Partial Differential Equation of Flexure.—  We now go hack to ti 
more special case treated in Art.16: reinforcements equal in x- and 
y-directions and equal at top and bottom are assumed.
Introducing the elastic constants found in Art.io in the gen­
eral partial differential equation of flexure (15) we find the
equation
04z
6x<
+ £**.15 -.15 + 2(1-.15*.15) .47/ -Jig—  +
5x26y2 8y^
(1 - .15 •* .15 )w
or 84z+0.62 ii;
&x^ bx^by
____ + 64z
2- 2 6 /
.978w (18)
the general form of which may be written
54z 64 z* B(l-X) .
Ox4 5x2 8y2 6y4
w (19)
X is a measure of the difference between the biaxially reinforced 
slab and the isotropic slab. To the latter corresponds X = 0 
(Compare equation (17)). At low loads, when the extensive crack­
ing of the concrete has not yet started, X has a considerably 
smaller value. Low values over a part of the area under considera­
tion must always be expected when the variation of stresses within 
the area is considerable. In such cases it might be proper to use 
average values of X and It follows from the assumptions on
which this theory is based that the numerical values must only be 
used with reservation.
In certain cases it is of advantage to introduce the uv-co-
e
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ordinates (under 45° angles with the steel) as independent vari­
ables. When the equations
u * (x-y)//iT, v . (x+y)/7^T
represent the relations between the two sets of coordinates, then 
we have
5
■5* + is JL = _L_ (iL + & )Ou Ox*bv 7TZ~ Ou 6v
and bu b + by 6
by by bu 6y*6v Vlf <- 4 -  + 4-)5u &v
Introduction of these operators in (19) gives the transformed 
equation
(1 “ i * ! u ^ + 2 ( l+ t ^ b v 2  + *  w" <20 )
The equation (20) is sometimes easier to deal with than (19). 
In a number of cases the solution can be made to depend upon the 
solution of the same equation with w" » 0 and with certain modi­
fied boundary conditions. In that case (20) can be written in the 
form
S2 + ___ b2 w ___ b2
V M a u r  b(pv)2 6(pu)2
b2
b(av)2 • )
z. o ( 21)
in which the constants a and (3 are real numbers.
This equation expresses that the function
(b ((3u)2 6(u.v)2 )z
i b2z i _
H 5 * * 6 ? + ^ * b ?
*2 b z (22)
is a logarithmic potential in the plane in which the coordinates 
% ~ axid.flrj = pv. Methods of solving Laplace's equation in 
the plane can then be applied to determine the potential function 
(22), in particular when this function of the curvatures is Icnown 
along the boundary. Graphical methods may be recommended for in-
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vestigations of this nature. Sven a rough approximate graphical 
method appeared to give results which would he satisfactory in prob­
lems regarding reinforced concrete: in the ou, pv-plane two sets of 
curves are drawn by trial, dividing the area under consideration 
as nearly as possible into infinitesimal squares. The one set fol­
lows the curves corresponding to the lines of force, the other set 
represents the curves of equal potential. There is only one solu­
tion at which the equipotential curves show the right values of the 
potential function (22) at the boundary.
By exchanging the two differential operators in (21) it is
seen that in the same way
i2_
ur 6u2 °2
6 2 z 
p* 6v* (23)
is a potential function in the Pu, uv coordinate-plane. Then the
function (23) can be treated by the same methods as the function
(22). When the functions (22) and (23) are known at a number of
g2„ x2„points the curvatures ~ -4 and -^—2- will be defined at these points.
6u2 6v2
From the curvatures the deflections z are derived by integration. 
Such integrations may be carried out conveniently by means of the 
funicular polygon method.
20. The Difference Between the Isotropic and the Biaxially 
Reinforced Slab Illustrated by the Flexure of Square Slabs. Trig' 
onometric Series Applied in the Integration.—  The reinforcement 
is assumed to be equal at top and bottom, and equal in the x- and 
y-directions. (BI )xis assumed *= 1.
The differential equations of flexure are then (see Art. 19).
ilg. + 2(1-X)__gig-., + jglz * w"
6x^ 0x2 6y 2 0y4
(19)
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2  $u4  2  Su2  dy2  2  Sv^or (1-^-J^JS. + 2(1+A_j_jiiz__ + fi-A)OTS. « w" (£0)
In the numerical example we use 2(l-X) = .60 (compare equation (16) 
that is X *= .70. The corresponding Poisson’s ratio is £”x = -.15.
Assume the slab considered to be a square, simply supported 
around the edge. Let the span be ft, and assume i®'1 * n 2/l6.
Two cases of reinforced slabs will be considered, and these 
will be compared with the isotropic homogeneous slab of the same 
dimensions. All three cases are indicated in Pig. 31. The origin 
is assumed at the center of the slab. In the one reinforced slab 
the steel is parallel to the sides and the equations of the sides 
are x = ijr/2 and y - ±n/2, in the other slab the steel is at angles 
of 45° with the sides, and the corresponding equations of the sides 
are u * ±tr/2, v = ijt/2.
We now expand W" - tt2/16 in a double Fourier series. In the 
case of the isotropic slab and in that of the reinforced slab with 
steel parallel to the sides we have
wM = cos x cos y - 1/3 cos x cos 3 y + 1 /5 cos x cos 5 y-....
- 1/3 cos 3 x cos y + 1/9 cos 3 x cos 3 y-...........
+ 1/5 cos 5 x cos .............................
(24)
The case of the slab with the steel parallel to the sides is
considered first. Introducing the expression (24) in (19) it is
seen that the equation (19) will be integrated by*
±  cos mx cos ny
z * 2 2 —— — — — —— ■■■ —i i (25)
m,n»l,3,5... (m4 + 2(l-X)m2n2 + n4 )mn
(distribution of signs + and - as in
; --------- (24)).
The application to slabs of this method of integration is shtjwn
for instance, in Love's "Theory of Elasticity", (1906) p. 468.
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The expression (25) and its second derivatives vanish when x 
or y * + tt/2, that is, the solution (22) satisfies the geometrical 
as well as the elastostatical conditions at the boundary. Conse­
quently, the expression (£5) represents a solution of the ease of 
the reinforced slab with the steel parallel to the sides.
The curvatures and the torsional deformations are found by
double differentiations of (25). They define the moments by the
relation| (13). For the x-direetion we have, for instance,
£ 2 _______ £  °os mx cos mybZ zk £  =  Zj -------------------SB--------------------------
ox m^n=l,3,5-- (m4+ 2(l-X) m2n2 + n4) n/m (S6)
(signs &s in (24).
When the angles of the steel with the sides are 45°, x and y 
in (24) have to be replaced by u and v. (20) is then integrated
by an expression similar to (25), the denominator being in this 
case
((l-X/2)m4+ 2(l+X/2)m2n2 + (l-X/2)n4) mn
The curvature in the u-direction is then defined by 
_  _ _ + cos mu cos nv
6u2 2 2mj n=l,3,5-- (,fl-X/2)m4 + 2(l+X/2)m2n2+ (l-X/2)n4)n/m 
(Signs + or - as in 24- ) (27 )
The homogeneous isotropic slab corresponds to the case of 
X “ 0* When Poisson's ratio K" - 0 and (El) « 1 as before then 
w" in (19} should be ^placed by w in (18), that is, in the numeri­
cal example, two per cent should be added toR eform ations found by 
(25), (26), and (27) with X = 0, in order that the deformations of 
the corresponding square isotropic slab of span rr should be found.
To obtain a comparison we compute the curvatures at the center 
of the slab, that is, for x = y « 0 and u - v = 0 respectively 
(point a in Pig. 31), Owing to the symmetry we have at this point
= b S z  4 6^z ^ 6£z 
6x2 6y2 6u2 5v2 6x6y 5uOv 0.
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Further we have cos mx cos ny m cos mu cos nv = 1. 
We find then:
When m,n = 1,1 1,3 * j 3,1 ! 3,3 !l,5 5,1
then
m 2 + 2(l-X)m2n2+n4» (for A=Q
(
(for A=.70
4 100 100 324 676 676
2.6 87.4 87 .4 210.6 641 641
and
(l-A/2)m2+2(l+A/2)m2n2+(l-A/2)n4=
(for A=.70 4 77.6 77.6 324 474 474
Introducing these values in (26) and (27), and adding two per cent
in the case of the isotropic slab we find:
for the isotropic slab: 
k2
—  *~?r “ (.250 - .010.(1/3 + 3/1) + .003 - .00148(1/5+5/1 j)
* .216,
for the reinforced slab, steel parallel to sides:
“  = *385 - »0114*(l/3+3/l) + .005 - .00156(1/5+5/1) * .344,
for the reinforced slab, steel under 45° angles:
-25° - .0129.(1/3+3/1)+ .003 -.00211(1/5+5/1)
- .199.
It follows from the relations (13) that the moments at the center 
are found by dividing the curvatures by 1 - X"x , that is, 1.0 for 
the isotropic slab, l-(-.15) = 1.15 for the biaxially reinforced 
slabs. The moments at the center point a are then
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J s o t r o p i c  s l a b  S t e e l  p a r a l l e l  S t e e l  a t  4 5 °
t o  s i d e s  w i t h  s i d e s
Moments
at point A  .216 .299 .1 7 3
The total bending moment across the diagonal is a statically 
determinate quantity. The value of this moment is the same in all 
three cases considered. The average value, that is, the total moment 
divided by the length of the diagonal, is 
1/24 • tt2/16 * tt2 = .254.
At the center the moment across the diagonal has a minimum or a 
maximum. Somewhere else on the diagonal, for instance, at the points 
b the moment across the diagonal has another extremum, maximum, or 
minimum. Assuming that the two extrema differ approximately the 
same amount from the average value .854 we find the following approx­
imate second set of extreme values of moments across the diagonal 
at such points as b
X s o t r o p i e  s l a b  S t e e l  p a r a l l e l  5 t e e l  a t  4 5 °
to sides with sides
Moments
at points b: .292 .209 ,335
A comparison between the two sets of moments shows that at 
the center of the slab, point a, the moment is greatest in the 
slab with the steel parallel to the sides, and smallest in the 
slab where the steel is at angles of 45°. At points such as b 
the moment across the diagonal is greatest in the slab with steel 
at 45°, smallest in the slab with the steel parallel to the sides.
Tnese results may be expressed by the general statement that either 
of the two reinforced slabs appears to carry a larger amount of 
the load by the bending in the direction of the steel than is
carried by the isotropic slab by bending in the corresponding direc­
tions. In the same way the load carried by the bending under an angl 
of 45° with the steel is less than corresponds to the isotropic slab.
The value of X was derived under the assumption that the con­
crete is entirely cracked in tension. The location of the first 
cracks will probably in all cases correspond to a much lower value 
of X. Also at the higher loads the average value of X all over the 
slab is necessarily smaller than assumed. The purpose in working 
out the numerical example was to obtain qualitatively rather than 
quantitatively an estimate as to the difference in the action of the 
isotropic and the biaxially reinforced slabs.
Hc>Tmo<)eme.ous) 
lioliopt'c slat.
Reinfeiced .slab , 
^leel parallel to 
Sides
Rei-njcrrced
.steel at 45° with
sides.
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A.
m .  BIAXIAL BEKDIHG TESTS. 
MATERIALS A HD TEST PIECES.
21. Concrete Materials.—  The materials used for the concrete 
were similar to those ordinarily found in the open market.
Stone.—  The stone was crushed limestone from Kankakee, 111., 
It had been passed through a 1 inch screen and over a l/4 inch 
screen. The stone material averaged 89 lb. per cu. ft. in weight.
It contained from 45$ to 50 $ voids. Table 1 gives the mechanical 
analysis of samples of the stone.
Table 1.
Mechanical Analysis of Stone. Average of 5 Tests.
Size of Square 
Opening
Separation 
Size, in.
Per cent 
Passing Sieve
1 in. 100.0
3/4 in. ------ 97.0
l/2 in. — 69.2
3/8 in. — 49.9
Ho. 3 0.280 32.2
Ho. 5 0.174 8.0
Ho. 10 0.091 5.2
Sand.—  Washed sand from a deposit of glacial drift
Wabash River at Attica, Indiana was used. Fineness tests are given 
in Table 2.
Cement.—  The specimens were made with Universal portland 
cement, which was furnished by the manufacturers. The results of 
briquette tests are shown in Table 3. Each value given is the
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average result of five tests. The briquette tests were made by 
Mr. B. L. Bowling, Assistant in charge of Cement laboratory, Uni­
versity of Illinois.
Table 2.
Mechanical Analysis of Sand. Average of Three Samples.
Sieve Ho. Separation Per cent
Size, in. Passing Sieve
3 0.280 99.6
5 0.174 84.0
10 0.091 55.7
12 0.067 48.6
16 — 42.6
18 0.043 36.3
. 30 0.027 21.8
40 0.019 8.5
50 0.013 4.2
74 0.009 2.3
150 — 0.8
22. Concrete.—  The concrete was proportioned by weight. The 
work of mixing and placing the concrete was done by men of con­
siderable experience in concrete work. A motor-driven Aatch mixer 
made by the Marsh^Capron Mfg. Co. Chicago, Illinois, was used.
With the machine running continuously, the stone and sand were 
placed in the mixer and about one-half the required amount of water 
admitted. The cement was then added and the remainder of the water 
admitted at the same time. The amount of water used in each batch
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Tab|e 3.
Tensile Tests of Cement.
Each value is the average result of five tests. The re­
sults are given in pounds per square inch.
Samples 1 - 3  1 - 3
with Heat Made with Ottawa Made with Sand
Slab Ho. Sand Used in Concrete
7 days 28 days 7 days 28 days 7 days 28 days
161.2
162.2
165.2 
Average
was measured and recorded. An average of 10 to 12$ of water was 
applied. Each batch was mixed for about 5 minutes after adding the 
cement. When the mixing was complete the batch was discharged upon 
the concrete floor, and was later removed to the forms directly 
with shovels or by means of a wheelbarrow. The ramming and tamping 
were done with great care, and were under constant supervision.
Table 4 gives the results of compression tests of the cylinders, 
made along with the test slabs.
Pig. 32 shows stress-strain diagrams for three of the cylinders. 
An average parabolic stress-strain curve is shown to the right in 
Pig. 52. The parabola fits the experimental curves very closely for 
values below 2000 lbs./sq. It is seen that the initial modulus of 
elasticity is remarkably high, (4 x 106 lb. per sq. inch indicated 
by the parabola.) .
25.-Steel.—  Results of tension tests t»f l/2 inch round
514 653 187 304
598 716 200 268 233 303
598 707 199 265 .
570 692 195 279 233 303
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bars of mild steel ase shown graphically in Fig. 33. A Ewing 
extensometer having an 8-in. gage length, was used in measuring 
the strains. In accordance with a recent calibration of the in­
strument the uncorrected readings had to be reduced in the ratio 
of 1/1.04. The Johnson's apparent elastic limits are marked in 
the diagrams*. Numerical averages were found as follows:
Modulus of elasticity 2,9,700^)00lb. per sq. in.
Johnson's elastic limit 
Yield point 
Ultimate tension
Final elongation (8-in. gage length) 
Reduction in area
33.000 lb. per sq. in.
36.000 lb. per sq. in.
55.000 lb. per sq. in. 
30.9$
67.5$
25. Design of Test Pieces.—  The design of the test slabs is 
made in accordance with the principle of loading, such as this is 
indicated in Fig. 34. The square a-b-c-d, 4 ft. 8 in. by 4 ft.
8 in. is the area under investigation. In order that a nearly uni­
form bending moment may be applied, for instance, across the sec­
tion from e to f the slab is loaded along the lines II and sup­
ported along the lines I. By a special arrangement of the testing
apparatus these loads and reactions are distributed nearly uni­
form1 over the width 4 ft. 8 in. In the same way uniformly dis­
tributed loads and reactions can be applied along the lines IV 
and III. It is indicated in Fig. 34 how the loads and reactions 
along III and IV can be exchanged so that the test piece may be 
bent either into the shape of a dish or into the shape of a sad­
dle. The first method of bending is applied to the slabs 161.1
161.2. and 162.2., the second method to the slabs 163.1, 163.2,
* J. B. Johnson, Materials of Construction, Ed. 1903 p. 19.
In the section g-h passing between two pairs of cantilevers 
the total bending moment must be distributed over a narrower width 
than in a section such as k-1 passing through the middle of the 
cantilevers. In order that the average moment distribution may 
correspond to the width e-f = 4 ft. 8 in. the distance e-g to the 
bottom of the slot between two cantilevers is made 2 in. The value 
was found by an approximate theoretical consideration*.
Pig. 35 and Pig. 36 show the details of the slab design. Pig. 
37 shows the individual steel bars. All slabs are designed 6 in. 
thick. The principal reinforcement consists of 1/2 in. round bars, 
spaced 3-1/2 in. apart. The distances from the center of the steel
*Let g-m be the x-axis, 1-k the y-axis, and denote the deflec­
tions by z. Assume the distance g-m=rr, and assume that the deflec­
tions between g and m are determined by the equation z=cos x. Then 
the deflection equation z=e”ycos x satisfies the partial differ­
ential equation for the flexure of a homogeneous slab (equation 
(17), Chapter II). It satisfies the boundary conditions along the 
sides of the cantilever, and it may satisfy approximately the con­
ditions at the ends. If the product of modulus of elasticity E and 
moment of inertia I is EI=1, and if Poisson's ratio is £*0, then 
-&2z/6x ^= e~ycos x is the bending moment in the direction parallel 
to the x-axis. The total moment across the y-axis is approximately 
J^dy e~ycos 0^ *= 1, which corresponds to the moment at'the origin, 
equal to 1, 1 distributed over a width equal to 1, that is,
over a width of 1 / tt of the distance g-m. If the corners g and m 
are reinforced by special steel it is assumed then that eg ■> 2 in. 
will correspond to p  * 7 in.
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layers io the farther surface of the slab are 5 in. and 4-1 / 2 in. 
respectively. The cantilevers are designed with additional reinforce 
raent, so that they will not fail before the central part of the 
slab has failed.
The bars B4 and B0 are put in with the purpose of increasing 
the strength of the corners without increasing the stiffness. The
inside corners between the cantilevers are further strengthened 
by the flat irons \£ee Big. 37). The bars By reinforce the 
compression side in the cantilevers of the slabs 163.2 and 163.3.
Slab 163.1 was reinforced in the same way as 163.2 and 163.3 
except that B4 was applied instead of Bq and By was not put in.
Pig. 38 shows in plan the location of strips used to produce 
"artificial cracks" in the two slabs 162.1 and 162.2. Oile</ strips 
of tin plate 3-1/2 in. deep were placed in the tension side along 
the lines indicated. The purpose of this was to locate the cracks 
so that they would cross certain gage lines.
Gage lines and lines of measurement are shown in Pig. 39 -4 4. 
The deflection gage lines in Pig. 39 are located by small holes 
and slots in steel plates fixed on top of the slab by means of 
plaster 01 Paris. Por the gage lines on the concrete, steel plugs 
were placed in the concrete at the time of pouring the slab, 
ror the gage lines on the steel bars, holes in the concrete had to 
be provided at the time of making the test piece,or else, cut after­
wards. In the case 01 slabs lo3.2 and 163.3 tne concrete surround­
ing these holes was reinforced by insertion of steel rings 1 / 8 in. 
by 1 / 2 in., 1 in. inside diameter (cut from 1 in. pipes). These 
rings were placed in the position of the holes before pouring.
Pig. 44 shows the design of the beams tested along with the
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slab in order to obtain a comparison between biaxial and monoaxial 
bending. The width, depth, and reinforcement and the loading cor­
responds to 7 in. of the width of the slabs.
26. Making and Storage.—  Photographs No. 1 - 4 show the steel 
placed in the forms as it appeared shortly before the concreting. 
Care was taken as to the correct placing of the steel, and the work 
was under constant supervision. The methods of mixing and placing
I
 concrete have been described in Art. 22. After the making of tne 
two first slabs, 161.1 and 161.2, it was decided to pour the canti­
levers in the rest of the slabs with 1-1-2 concrete extending two 
inches into the central square. The purpose of this was to make 
sure that failure would not occur in the cantilevers before the
I
 central part had yielded.
The percentages of water added to the dry materials for the 
1-2-4 mixture were as follows:
Slab 161.1 161.2 162.1 162.2 163.1 163.2 163.3
Per cent
of water 9.7 11.2 11.5 11.2 12.0 12.2 12.2
These figures do not include the small amounts of moisture which 
were already with the sand and stone.
Special notes regarding the making of the slabs.
161.1. In view of the necessity of having the concrete well 
placed between the steel bars it seemed that the mixture was a 
little dry.
1
161.2. The application of a wetter mixture aooeared to be
.
an advantagesduring the making of the slab.
162.1. The concrete at the top at the center seemed wetter
than elsewhere. Prom the appearance of the surface at the center
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it seemed as if the shrinkage had been rather great at that place.
1
1-1-2 concrete was applied in cantilevers for the first time.
162.2. The surface was struck off five or six times. Thereby 
a small amount of the richer concrete seemed to have come out ober 
the area. At the center the mixture seemed somewhat rich at the 
surface.
163.1. Omission of the bars By and of the steel rings around 
the holes for the gage lines caused some weaknesses of this slab, 
which were not intended originally.
163.2 and 163.3. The consistency of the concrete and the 
appearance of the finished surfaces seemed satisfactory.
The slabs were lifted from the floor on which they were made 
when 15 to 17 days old. The slabs and beams were stored in the
I
 air in the Goncrete Laboratory. They were kept under wet cloth 
until they were 60 days old. The ordinary temperature range was 
from 55° F to 70® F. The test cylinders were kept in moist sand 
until tested.
27. Dimensions Measured on Finished Test Pieces.—  The thick­
nesses of the finished slabs at the points 1-9 in Fig. 44 were de­
termined by means of a level instrument. The heights of these 
points were measured on the top surface before the slab had been 
removed from the position in which it had been made. After the
I
 removal of the slab measurements were taken of the same points on 
the floor. Table 5 gives the thicknesses. In Table 6 the distances 
from the outside of the steel to the nearer surface of the slab 
are given. In Table 7 the results are combined and the average 
values of the "effective heights, that is,the distances from center 
of the steel layer to the farther concrete surface, are calculated
In Table 7 the corresponding data from the beams are included.
Table 5
Measured Thicknesses of Slabs.
The results are given in inches.
Point 161.1 161.2 162.1 162.2 163.1 163.2 163.3
1 6.09 6.14 6.26 6.53 6.50 6.17 6.22
2 6.08 6.24 6.35 6.50 6.60 6.15 6.27
3 6.10 6.14 6.28 6.42 6.48 6.36 6.27
4 6.20 6.15 6.36 6.40 6.62 6.26 6.04
5 6.08 6.20 6.27 6.48 6.40 6.35 6.00
6 6.12 6.15 6.16 6.38 6.48 6.38 6.12
7 6.05 6.08 6.16 6.45 6.70 6.24 6.36
8 6.15 6.18 6.12 6.40 6.52 6.16 5.93
9 5.93 6.21 6.11 6.36 6.57 6.36 6.16
Average of 6.13 6.17 6.26 6.42 6.50 6.33 6.054 - 5 - 6
Average 
2 - 5 -
of
8
6.10 6.21 6.25 6.46 6.51 6.22 6.07
AverageC5 1 *1 of 6.09 6.17 6.23 6.44 6.53 6.28 6.14all count­
ing 5 twice
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Photograph 
No. 1.
Photograph Showing Form and Reinforcement, Slab 161.1.
This picture was taken before the bars B4 and 
the stirrups had been finally adjusted.
PhotographyRo. 2. Form and Reinforcement Slab 162.2
The oiled strips of tinplate locating cracks artific­
ially are shown. The view also shows the corks left 
at the position of the gage holes.
S53SS5
Photograph h o . 4. Korm and Keinforceroent , Slab 1S3.3.
The view snows tne corks at tne position 01 tne gage 
noies surrounded witn steel rings.
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B*. TESTING APPARATUS AND METHOD OE TESTING,
28, Description of Testing Apparatus,— » The lines along which 
load and reactions were to he uniformly distributed have been in­
dicated in Art. 25, see Eig. 34. Eig. 46. and Eig. 47 show the 
methods applied in order to obtain approximately the desired uni­
form distributions of forces. The dissolving of a concentrated 
load into eight equal forces by a system of beams is the principle 
made use of.
Eig. 48 and Eig. 49 show in detail the parts of the testing 
apparatus through which the reactions and loads were carried and 
the load applied. While testing is not going on the apparatus is 
supported on the four concrete blocks 1 ft. 2 in. by 1 ft. 2 in. 
on each side. On the north and south side wooden wedges regulate 
the initial height of the 31.5-lb. I-beam crossing the apparatus.
At the start of the test these wedges should be loosened, as shown 
in Pig. 48. The advantage of this is that the whole weight of ap­
paratus and test piece will then be carried by the blocks on the 
east and west side alone, and as far as the weight is concerned the 
apparatus is statically determinate. The method laid out here 
was followed except at the tests of the two first slabs, 161.1 and
161.2. In these cases, from the start the weight was distributed 
as nearly uniform as possible.over the four sides, and the south 
end of the 31.5-lb. crossing I-beam was held down at a fixed dis­
tance from the concrete block.
The load is applied by hand by means of the four 25-tons lift­
ing jacks, one at each side. The loading and supporting beam sys­
tems are shown in the position corresponding to the slabs 161 and
— “ 1 87
168. On the east and west side the loading and supporting systems 
were interchanged before the slabs 163 were to be tested. This is 
indicated on the drawings.
While testing is not going on the beam systems are held in 
position by a set of wooden frames. These are shown in Fig. 50.
The bolts holding the two sides of a frame together are loosened 
when the apparatus and slab are ready for testing. It was found 
practical to loosen the wedges underneath the frames before the 
test started, so that during the whole test the wood frames were 
hanging on the I-beams. It required a constant inspection to as­
sure that the frames were loose so that the friction would be re­
duced to a minimum.
Fig. 51 shows the method of bracing the slab and the appara­
tus in horizontal directions. In some cases special horizontal sup­
ports had to be provided in order to avoid column action in the ap­
paratus. In the test of slab 163.3, for instance, a horizontal
support was applied to the north-south 31.5-lb. crossing I-beam 
at the north end in order to prevent a north-south motion of the
apparatus. The load was weighed by arranging the four upper 20-
lb. I-beams as dynamometers. This is shown in detail in Fig. 52.
The curves in Fig. 54 are results of the calibrations of fhe four 
dynamometers.
The dashed curves for the east and west dynamometers show 
loads 1/0.9 times the actual loads applied. These curves are ap­
plied in the cases in which the design depth of steel is 4-1/2 in., 
while the full line curves, corresponding to the real loads, are 
applied when the design depth of steel is 5 in. In this way a 
better comparison is obtained.
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To obtain information as to the actual load distributions 
strain gage readings were taken on the 7/8-in. vertical rods.
The apparatus is shown in Photographs Uo. 5 - 8.
£9. Computation of Initial Loads Due to the Weights of Test 
Piece and Apparatus.—  Initial stresses are caused by the weights 
of apparatus and test piece. When the supports are arranged as 
described in the previous article then the essential initial effect 
is a bending of the slab in the east-west direction. In the dis­
cussion of test results the loads will be expressed in terms of 
the loads along the lines I, III, and IV in Pig. 54. In order to 
express the initial loads in the same way equivalent loads apply­
ing along the lines III and IV are computed. These equivalent 
loads are defined by the condition that they shall produce the 
same total bending moment across the center line of the slab as 
the weights which they replace.
Weight of apparatus carried by slab along the line II, Pig. 54.
Weight of loading system (Pig. 47), wood frame, and jack, 
along the line II 466 lb.
Weight of 4-ft. of the 51.5-lb. crossing I-beam 1£6 lb.
Beam system and wood frame along the line I 288 lb.
Total 880 lb.
Slabs \ 162. method of support as indicated in
the previous article.
Bending moment in the direction east-west at cen­
ter of slab due to the weight of the slab,
a tthe supports beings the lines III, span =
7 ft. 5 in. = 7.25 ft.:
1/8 x 575 lb. per ft. x 7.252ft2 * 3730 ft.lb.
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Bending moment in the east-west direction due to 
the loads along the lines II:
880 lb. x 2,46 ft. « 2160 ft.lb.
Load along each of the lines IV equivalent to the
sum of these two moments (producing same moment 
across center line of slab):
(3780 + 2160)ft. lb. 1.333 ft. * 4460 lb.
Weight of loading system plus wood frame along
each of the lines IV 590 lb.
Total equivalent load along each
of the lines IV 4850 lb.
The design depth of the east-west steel in the slabs 161 and
162 is 4.5 in. while in the north-south direction and in the slabs
163 the design depth of steel is 5 in. As mentioned in the pre­
vious article the east-west load at the slabs 161 and 162 is for 
this reason multiplied by 1/0.9. Applying this to the value found 
for the initial load, 4850 lb. we find:
Total initial load on both the lines IV to be 
used in the discussions of strength, Slabs 
161 and 162
2 x 4850/0.9 = 10800 lb.
Slabs 163.
Bending moment in the direction east-west at the cen­
ter of the slab due to the weight of the slab, 
the supports being at the lines IV, span = 4 ft.
7 in. » 4.58 ft.:
1/8 x 575 lb. per ft. x 4.582 ft.2 - 1/2 x 310 
lb. per ft. x 1.7? ft? = 1060 ft.lb.
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Bending moment in the east-west direction due to the 
loads along the lines II:
880 lb. x 1.125 ft. » 990 ft. lb.
Load along each of the lines III equivalent to the 
total load producing these moments:
-(1060 + 990) ft.lb./ 1.333 ft. 6' = - 1 5 4 0  lb.
Weight of loading system plus wood frame along each
of the lines III 390 lb.
Total equivalent load along each of the
lines III -1150 lb.
Sum of total initial loads on both of the lines III
to be used in discussions of strength, .Slabs 163:
2 x (-1150 lb. )s= -2300 lb.
When for some reason in special cases the load is different 
from the values indicated here this will be taken into account.
30. Methods of Measuring Deformations.—  Two kinds of measure­
ments of deformations were taken:
Strain gage readings on steel and concrete;
Deflection readings on the surface of the slabs.
The strain readings were taken with strain gages of the Berry type, 
modified at the University of Illinois. The gage length was 8 in. 
Multiplication ratios of 5 and 7.5 were applied. The method of 
using the strain gage is described in Bulletin Ho. 64 of the Uni­
versity of Illinois Engineering Experiment Station (1913). See 
also W. A. Slater and H. P. Moore: The Use of the Strain Gage in
the Testing of Materials, Proc. Am. Soc. Testing Materials, 1913.
The deflection readings were taken with the portable deflectom-
91
eter shown in Fig. 53. With an Ames dial it measures the deflec­
tion of the midpoint relative to the endpoints of a 40-in. gage 
line. Corrections for temperature or other influences likely to 
affect the instrument are obtained by introducing a standard gage 
line outside the apparatus.
The location of gage lines was shown in Fig. 39 - 44. It is 
seen that each slab has six deflection gage lines and a large num­
ber of strain gage lines. The data for study of the general ac­
tion of the slabs were obtained by taking complete sets of the
I
 six deflection readings.at a rather large number of loads. Informa­
tion as to distribution of action was obtained by measuring the 
strains directly at a large number of gage lines, but at less fre­
quent intervals.
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Corner.
Photograph No. 6. Testing Apparatus During the Test 
of Slabs 161 and 162. View from South-west
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Photograph No. 7. Testing Apparatus During the Test 
of Slabs 163. View from V/est Side.
Photograph No. 8. Testing Apparatus During tne Test or Slabs 1S3. 
View from Southwest Corner.
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C. RESULTS gg TESTS, AND DISCUSSION
31. Cracks and Crushing Observed Luring the Tests.-- We shall 
discuss in this article:
Cracks, in particular the effect of the artificial locating 
of cracks by sttips of tin plate.
Appearance of compression failures.
Appearance of combined tension and compression failures.
In this connection reference is made to Photographs No. 9 - 
20 showing the test pieces after or during the tests. The notes 
under the pictures explain the individual cases.
Cracks.—  The distribution of the cracks and the order of 
their appearance furnish information concerning the nature of the 
tensile strength of the material investigated. In accordance with 
the generally adopted practice a record of the cracks was obtained 
by painting them after the test and indicating by painted numbers 
next to them at which loads they were observed first. In Photo­
graph No. 9 showing the tested beams the numbers at the cracks are 
to be multiplied by 1000 in order to represent in pounds the total 
loads producing the cracks. In case of the slabs the load producing 
a certain part of a crack is defined here as the load along the
sides parallel to the crack at which this part of the crack was
applied
formed. In Photographs No. 11 - 17 and No. 19 - 20 the/loads pro­
ducing the cracks are found in pounds by multiplying the numbers
following approximate 
at the cracks by 5000 and by adding the/initial load
in slabs 161, cracks in direction north-south, 5000 lb.
in slabs 162, cracks north-south P10000 lb.
Xn all other cases the initial load is approximately 0.
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The appearance of the surfaces indicates that at the time when 
a number of cracks have opened there is probably no essential stati­
cal difference between the natural and the artificial cracks, and no 
essential difference between action of the test pieces with arti­
ficial cracks and those without them*
Nearly all of the cracks in the slabs extend over the whole 
width-- the slab. The distances between the cracks are about the 
same in the slabs and in the beams* These facts suggest that es­
sential similarities exist between the action of a monoaxially
bent beam and a biaxially bent slab.
In the slabs in which both layers of steel are at the bottom 
the cracks appeared to be more likely to occur directly under the ste 
bars parallel to their direction than between them. It is seen 
that in this one respect transverse bars represent a weakening fac­
tor in the statics of the slab.
Appearance of compression failures. Although the test pieces 
were designed to fail primarily by the yielding of the steel in 
tension the secondary failure in the compression side following the 
failure of the tension side is of interest. Pig. 55 a.b.and c 
shows the progress of a secondary compression failure, such as oc­
curred in the beams and in slabs 161 and 162. The appearance of 
such a failure is the same whether it has been produced by mono- 
axial or by biaxial bending, and is the same as has? been observed 
and described in connection with several beam tests (see, for in­
stance, Turneaure and Maurer, Reinforced Concrete Construction,
Ed. 1909, p. 136).
Appearance of combined tension and compression failures. Photo­
graph No. 18 shows a beginning combined tension and compression
Ji
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failure in the south-west corner at the top of slab 163.2. Such 
failures are observed in all of the Photographs Ho. 16 - 20. Some 
of the general features of this method of failure are brought out 
in Pig. 56 and Pig. 57. Iwo possible forms of wedge action combined 
with the formation of tension cracks are illustrated.
Photograph wo. y. yearns tested m  laonoaxlal Bending.
The arrows enow tne points of application of load. 
The cracks are painted, and their extension at the 
various loads are indicated oy tne figures next to 
tne cracks, m e  values of tne loads are found by 
multiplying these figures by 1000 lb. in each of 
tne beams ib2.2 and ibS.l three cracks were located 
artificially by strips of tinplate.
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Fnotograpn no. xu. Bottom or aiap_ lbi_. i After Test.
The cracks were not painted but a number of cracks 
in ootn directions are visible in tne view. The 
irregularities of the surface produced oy the 
wrinkling or the building paper used in the bottom 
of the form must not be mistaken for cracks.
Art
T
Photograph no. 11. Bottom of Slab lbi.2. After rest.
The cracks are painted and the extension of the 
cracks at the various loads is indicated oy the 
painted figures. These figures indicate tne loads
producing tne cracks wnen multiplied uy buyu i d . and adaed to tne initial loads. The letters and numberfe painted at tne gage lines 
do not correspond with Mg. 4 o
80
T
painted and the corresponding loads are indicated 
as in Photograph wo. JLl. The widest cracks follow 
the strips of tinplate.
Photograph wo. 13. Bottom of Slab. Ib2.i. The cracks are
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Photograph No. 14. Bottom of Slab lb3.1. A tension failure
appears lb lncnes north of tne center. The numbers 
painted at the cracks indicate the loads as in 
Photograph n o . 11.
1
1
1
ie> mcnes nortn of tne center corresponds vuitn tne 
tension failure m  Pnotograpn no. 14.
ine compression failurePnotograpn no. 15. fop of siao. _roa. .1 *
Pnotogr&ph wo. 1(5. Bottom of Slab lb3. 2 . Tiie combined tension
and compression failure near tne Soutnwest corner is 
to be noted, m e  concrete around tne noies ior tne 
gage lines is reimorced by steel rings.
Photograph n o . 17. Top or Slab lba.2. The main failures correspond 
with the failures shown in Photograph wo. 10.
The view shows the comoined tension and compression 
failure in tne top surface.
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32. Time Effects. Phenomena of Viscosity.—  It is of importanc 
in connection with a test like the present to have information as 
to the conditions of time effect, such as are defined by the
design of the apparatus, the method of applying the loads, and the 
viscosity, or time effect quality of the material;
As general possible methods of testing which represent the two 
extremes, as far as the conditions of time effects are ccncernal may 
be mentioned:
In the one extreme case a constant load is applied while each 
series of readings is taken. The viscosity effect in that case appe 
by the increase of the deformations with the time.
In the other extreme case the design of the apparatus makes 
it possible to retain nearly constant a set of strains while each 
set of readings is taken. In that case the viscosity effect is 
represented by the falling off of the load when the apparatus is 
left to itself.
The present tests are primarily comparative strength and elas­
ticity tests, therefore the viscosity effect should be eliminated 
as much as possible. This is done by introducing in all cases as 
far as possible the loads and deformations as they appear immediately 
after the application of the load. As in this test the load read­
ings are taken much more quickly than the deformation readings it 
is seen that a method of loading as near a$ possible to the second 
of the two extreme methods indicated is preferable. In accordancet
with this, in the biaxial bending tests the emphasis was laid on 
the retaining of constant deformations while the load was allowed 
to fall off.
Prom the deflection diagrams which will be discussed in a
ars
later afcticle it will be seen that the condition of constant de­
formations during each set of readings is approximately, though 
not completely, produced by the method applied. Owing to the rather 
large number of beams and other elastic members through which the 
load is transmitted the apparatus is more springy than an ordinary 
testing machine. This accounts for the fact that at low loads there 
was usually a slight decrease of deformations with the time, while 
at high loads the time effect appeared as a small increase of de­
formations combined with the falling off of the load. The decrease
of load with the time was under all circumstances somewhat less that
than/which corresponds to the less springy ordinary testing machines
33. Distribution of Loads Checked by Strain Gage Readings on 
the Vertical Rods. Methods of Adjusting the Load Observations.—
The strain gage readings on the vertical 7/8-in. rods of the test­
ing apparatus were taken with the purpose of checking the distri­
bution and the total values of the loads. The temperature changes 
may be expected to have a considerable influence on the readings 
in this case, this being due to the fact that the rods are unpro­
tected from the changes in the laboratory air. An attempt was made 
to eliminate the effect of the bending of the rods by using averages 
of two strain gage readings on opposite sides of each rod. Informa­
tion obtained by these readings should only be used in checking the 
action of the dynamometers and the apparatus. The essential value 
of the rod readings seems to lie in the guarantee they appeared to 
furnish against unknown systematic errors in the dynamometer read­
ings. Table 8 gives as an example the results of the rod read­
ings in the cases of slabs 162.1 and 163.2.
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Table 8.
Strain Readings Cheeking Distribution of Loads.
Each value is the sum of two strain gage readings on opposite
sides of the same rod.
The average unitestrains are found by dividing the figures
by 120,000.
Location 
of Rod
Corner
Rod
Ho.
Slab 162.1 
Sums of Two Strain- 
Readings on Each Rod 
Series of Readings
■
Slab 163.2 
Sums of Two Strain 
Readings on Each Rod 
Series of Readings
9 11 15 23 5 8 pL2 17
NW 1 35.4 35.6 52.7 60.6 39.1 6^,7 0.0
North 2 32.3 32.3 48.6 55.4 41.7 66.4 0.0
Side 3 30.8 26.7 44.3 52.3 40.2 62.6 0.0
HE 4 40.2 33.6 49.6 62.1 38.7 62.4 0.0
HE 5 0.0 32.9 44.8 43.9 30.9 20.8 43.4
East 6 0.0 28.2 40.0 37.1 33.7 23.3 46.3
Side 7 0.0 29.4 45.7 40.0 17.7 17.7 38.9
SE 8 0.0 29.3 40.9 39.1 20.4 22.1 42.3
SE 9 40.5 35.7 50.2 60.0 21.0 24.5 39.2 0.0
South 10 36.3 36.6 52.9 60.3 23.5 36.8 40.2 0.0
Side 11 33,7 33.6 48.5 57.5 22.5 27.7 39.9 0.0
SW 12 35.9 37.1 55.8 59.9 21.5 24.2 42.6 0.0
S W 13 0.0 44.6 57.5 54.1 0.0 24.3 25.2 52.3
West 14 0.0 41.7 52.8 52.8 0.0 20.2 23.4 49.0
Side 15 0.0 41.5 52.5 55.6 0.0 33.2 32.5 62.9
m 16 0.0 37.7 51.6 55.8 0.0 122.9 22.6 50.2
Adjustments of dynamometer readings* Slight changes of the 
dynamometer readings at zero load appeared to take place. Temper­
ature changes may be one of the causes of this. Corrections were 
introduced according to the following principle. Aasume, for in­
stance, that the north and south load is zero in series of readings 
No. 10 and No. 20, hut not between these two series. Assume that 
all these readings have been taken on the same day and that the 
ultimate load has not yet been reached. Assume that the north dy­
namometer read -.5 at series 10, +.5 at series 20 then the correc­
tions on the readings will be as follows, expressing the general 
rule that the corrections shall be uniformly distributed:
Series 10 11 1 2 ------------------18 19 20
Correc­
tion +.5 +.4 +.3 -.3 -.4 -.5
If Series 19 represents the ultimate load it is estimated that change 
in the dynamometer are more likely to take place between the last 
two series, 19 and 20, than between any other two series. In such 
cases the rule was adopted to assume that half of the total varia­
tion of the correction took place between the last two series. Then 
the corrections would be
Series 10 11 12 13 14 15 16 17 18 19 20
Correction +.5 +.4 +.4 +.3 *.3 +.2 +.1 +.1 0 0 -.5
For the east and west dynamometers a systematic change was found to 
take place. When load was applied on the north and south sides 
while the east and west sides were left unloaded it was found that 
the east and west dynamometers increased approximately 2.0 divisions 
at the test of the slabs 161 and 162, 2.4 divisions in the case of 
the slabs 163. Two divisions is about 1/40 - l/50 of the reading
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which corresponds to the ultimate load. In order to eliminate 
possible errors due to these systematic changes the following 
corrections of the east and west readings were applied in addition 
to such corrections as were indicated above for the north and south 
dynamometers:
Corrections of readings on 
namometers. when north and
east and west dy- 
south sides are
unloaded loaded
Slabs 161 - 162 +1.0 -1.0
Slabs 163 +1.2 -1.2
54. Order of Application of Loads.—  Graphical representa­
tions of successive loads in two cases are given in Fig. 58 and 
Fig. 59. The ordinates and the abscissas represent the north- 
south and the east-west loads respectively. Each state of loads 
is indicated by a point in the coordinate plane, and a succession 
of loads is indicated by a curve or broken line. The numbers in 
Fig. 58 and Fig. 59 indicate the series of readings. If combined 
with a time indication at each of the individual points the dia-
1
 grams in Fig. 58 and Fig. 59 would indicate the complete "history 
of loading" in each of the two cases represented. In the case of 
biaxial stress the "history of loading" is perhaps even more import-
I
ant as a factor affecting the strength and elasticity than in the cas< 
of monoaxial stress. This follows simply from the greater varia­
tion which is possible in the cases of biaxial leading.
Table 9 gives the loads registered by each of the four dyna­
mometers in the test of slab 16E.2. The initial loads are not in­
cluded in the table.
Table 9
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loads registered by dynamometer, slab 162.2. 
The loads are given in thousands of pounds. 
The initial loads are not included.
Series
SSSSSSS35S
Horth
5S85SSSSSS
South
SS3SS8S8SSSSS8
north & 
South
East West
sssssss
East & 
West
3,5 0.0 0.0 0.0 0.0 0.0 0.0
6 20.0 19.9 39.9 0.0 0.0 0.0
7 17.4 17.6 35.0 0.0 0.0 0.0
8 19.8 19.4 39.2 19.8 20.5 40.3
9 19.4- 18.9 38.3 18.4 18.8 37.2
10 24.5 24.5 49.0 19.1 19.5 38.6
11 24.9 25.2 50.1 27.1 25.5 52.6
12 24.4 24.0 48.4 23.5 23.9 47.4
13 29.8 29.6 59.4 29.1 30.6 59.7
14 29.0 28.7 57.7 28.4 29.6 58.0
15 34.4 34.7 69.1 28.9 29.0 57.9
15a 40.1 40.0 80.1 30.0 30.7 60.7
16 37.8 38.1 75.9 28.7 30.2 58.9
16a 37.1 37.3 74.4 28.3 30.0 58.3
17 31.7 30.3 62.0 0.0 0.0 0.0
19 0.0 0.0 0.0 0.0 0.0 0.0
20 30.2 29.9 60.1 30.2 29.0 59.2
21 0.0 0.0 0.0 2 ^ 2 23.0 48.2
22 0.0 0.0 0.0 30.2 27.7 57.9
23 0.0 0.0 0.0 0.0 0.0 0.0
24 40.1 36.2 76.3 0.0 0.0 0.0
25 37.2 33.6 70.8 38.0 37.3 75.3
125
35. Action of Test Pieces as Determined b£ the Deflection 
Diagrams.-- The six deflection gage lines (see Pig. 39) are lo­
cated so that the averages of the deflections along each set of 
three parallel gage lines will he representative of the action of 
the slab as a whole. Diagrams of average deflections of the slabs 
plotted against the loads are shown in Pig. 60, 62, and 64. Pig.
66 shows a deflection diagram for one of the beams. A graphical 
representation of the individual deflections along each of the six 
gage lines, slab 162.2, is given in Pig. 67.
It is seen in Pig. 67 that in slab 162.2 —  which is representa­
tive for the four slabs 161 and 162 —  the deflections along the 
center lines are greater than those along the edges. An effort was 
made to find out whether any consistency existed defining a relation 
between the loads and the differences between the deflection at 
the center lines and the average deflections. In Pig. 68 a and b 
these differences are plotted against the loads at the sides parallel 
to the gage lines considered. The load succession diagram d is 
similar to that shown in Pig. 58, except that the final set of cor­
rections to the dynamometer readings were not taken into considera­
tion at the plotting of this diagram. It is seen that the diagram 
a for the deflection differences along the north-south gage lines 
shows the regularity of a typical stress-strain diagram. The dia­
gram b representing the differences in the east-west deflections does 
not show the same kind of regularity. Consequently an attempt was 
made to plot the same differences against some other load quantity. 
The result of this is seen in Pig. 68o where the ordinates are pro­
portional to the total loads. The dependencies represented by the 
diagrams a and c are probably due to the somewhat greater stiffness
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Measuring the lateral changes of the deformation as indicated in 
Fig. 61 the values of Poisson's ratio given in Table 10 are found.
It is seen from Table 10 that the values computed for Poisson's ratic 
vary considerably. Time effects explain these variations in some 
of the cases* In Fig. 60, upper diagram, the change between series 
17 and 18 would'have had to be an increase of deflection instead of 
a decrease in order to give a positive value of Poisson's ratio.
The decrease of the deflections between series 17 and 18 is explained 
as a continuation of the decrease between series 16a and 17 due to a 
removal of load^ and this is one of the regular phenomena of vis­
cosity. In other cases the irregularities, in particular the nega­
tive values of Poisson's ratio, are explained by the local varia­
tions in the stiffness of the deflected area. When the central part 
oi a certain area is less stiff than the circumference a monoaxial 
bending is likely to produce greater deflections at the center of thi 
area than at the edge. This means that the area will be bent into 
the shape of a dish, having curvatures of same signs in the direc­
tion of the bending and laterally. This would give a negative value 
of the Poisson's ratio. In a third group of cases negative Poisson* 
ratios may be explained by the effect of increase or decrease of 
bond stresses and bond resistance caused by lateral bending. An in­
crease of bond resistance increases the amount of tension carried 
by the concrete. This agrees with the observation of the comparative] 
ly greater stiffness of the slabs bent into the shape of a saddle 
(slabs 163).
When the variations due to the viscosity and to the local weak­
nesses are eliminated it remains likely that the actual value of 
Poisson's ratio in bending at a certain change of the loads depends
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Table 10.
Computation of Values of Poisson's Batio in 
Bending at Various Changes of Loads,
Slabs 162.2 and 163.2.
The changes of deflection are indicated in a unit of .001 in.
Series
l
In­
crease 
of de­
flection 
lorth- 
South
le-
crease 
of de­
flection 
East- 
West
Poisson's
Batio
| —  
Series
j
I
! In- 
3 crease 
1 of de­
flection 
Sast- 
West
De­
crease 
of de­
flection 
North- 
Sofcth
Poisson's
Batio
Slab 162.2
0-6 +38.5 -2.0 -.05 7-8 +36.0 +3.0 .089-10 + 7.5 + .7 + .09 10-11 +12.5 -1.5 -.1214-15 + 8.0 -1.5 -.19 2*2-23 -60.5 +1.0 -.0217-18 -64.0 +4.0 -.0620-22 -48»5 -60.5 +1.25
Slab 1*>3.2
3-4 +11.0 a.5 .23 10-11 +15.5 +2.0 .13
4-5 +14.0 -1.5 -ill 13-15 -18.5 -9.5 .51
6w7 -27.5 -3.5 ..13 15-16 +56.5 +2.5 .04
8-9 -19.0 +8.5 -.45 16-17 +15.5 +1.0 .06
11-lla +11.5 0 0 22-24 -66.5 -16.0 .24
lla-12 +13.5 + .3 .22 28a— 2S +15.5 0 0
12a-13 -40.0 +6.5 -.16 29-30 +10.5 +1.5 .14
17-19 +42.5 -6.8 -.16 30-31 +12.5 +1.0 .08
19-20 +10.5 +1.0 +.10 31-32 +10.0 + .5 .0520-21 + 6.0 +1.0 + .17 33-34 -101,0 +24.5 -.24
21-22 -43.0 +16.0 -.37
26-27 +48.5 + 5.2 .11
27-28 75.0 + 2.5 .03
32-33 + 70.5 +19.5 .28
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loads passed through previously.
36. Distribution of Action as Determined by the Strain Observa­
tions.—  In Fig. 69 diagrams showing tne distribution of measured 
steel stresses in one of the slabs are shown. A certain variation 
in the stresses follows necessarily from the variations in the lo­
cation of the gage lines in relation to the cracks.
A study of the distribution of Poisson's ratio effect may be 
based on the changes between series No. 5 and No. 8, slab 163.2.
In Fig. 69 the change of the steel stresses between these series 
consists of a small increase. The readings on the concrete also 
showed a slight increase of strains between these loads. These re­
sults agree with the fact that the deflection diagrams give nega­
tive values of Poisson's ratio between series 5 and 8. Fig. 70 
shows the results of the strain gage readings in one of the beam 
tests.
37. Ultimate Strength.—  The loads at which failure took place 
are indicated in Table No. 11. The beam loads have been multiplied 
by the factor 8 in order to make a comparison possible. In order to 
be able to compare test pieces having slightly different thicknesses 
reduced loads were computed by multiplying the actual total loads by 
the ratios of the design depth of steel to the actual depth of the 
steel. The values indicated as not included in the averages are not 
considered to represent the reaching of the actual ultimate strength.
It is seen that the slabs 161 and 162 showed practically the 
same average ultimate strength as the beams. The slabs 163 showed 
greater strength than the slabs 161 and 162 and also greater 
strength than the beams. The slightly greater uniformity in the dis­
tribution of deformations found in the slabs 163 explains only a part
T^ble 11.
Loads at which Failure Took Place.
The loads are given in thousands of pounds.
The loads indicated for the beams are found by multiplying the actual loads by 8. The reduced 
loads are found by multiplying the actual loads by the ratio of design depth of steel (4-1/2 in. 
for E-W steel in slabs 161 and 162, otherwise 5 in.) to the measured effective depth.
Numbers marked with asterisk (*) are not included in averages.
Test Piec<3 Age Measured Effec- Loads Measured Initial Load Total Load Heduced TotalNo. When tive Depth Cm) by Dynamometers lb. x 10®/ (lb. x 10®) hoad CausingTested N-S . E-W (1**10*) Failure Oi*(o?)
Months Steel Steel N S3 E W N&S E&W N&S E&W N&S E&W
Slab
161.1 4 1
9-1/2 5.15 4.49 38.7 39.5 o 78.2 75. 75.933.8 36.6 4.8 65. 75.2 75.4161.2 10 5.10 4.57 42.9 41.7 0 84.6 62. 83.0
31.8 34.0 4.8 65. 70.6 69.5*162.1 10-1/2 5.24 4.63 39.8 40.5 0 80.3 69 76.6
30.5 31.2 10.8 72. 72.5 70.5162.2 10-1/2 5.45 4.79 40.1 40.0 0 80.1 72 73.538.0 37.3 10.8 71. 86.1 80.9^Average, blabs 161 and 162 - - - - 77.3 75.6oraD 1163.1 11-1/2 5.30 5.06 46.8 47.0 -2.3 68. 91.5 90.440.1 42.4 0 82.5 85. 77.8*163.2 12 5.27 4.91 42.1 42.1 -2.3 72. 81.9 83.446.4 48.5 0 94.9 0 90.0163.3 11-1/2 5.01 5.15 51.4 51.6 -2.3 75. 100.7 97.850.2 47.2 0 97.4 94 97.2Average, Slabs 163 - - - - - - - -■ - - ■- - - - •. _ - - - - - - — 93.6 90.5Beam
161.1 4-1/2 5.37 72.0 1.9 73.9 68.8*161.2 9 5.38 (76.0) 1.9 (77.9) 72.4* H162.1 10 5.42 84.C) 1.9 85.9 79.2 C*o162.2 10-1/2 5.25 77. £ L.9 79.5 75.7 •
163.1 10-1/L. 5.90 79.2 1.9 81.1 76.5
Average, beams 162 - 163 77.1
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of the difference. The increase of the bond strength caused by the 
bending of the slab into a saddle shape, and resulting in an in­
creased tensile activity of the concrete may possibly explain part 
of the difference in strength.
38. Summary of Conclusions.—  The conclusions drawn from the 
biaxial bending tests may be summarized as follows:
The distribution of cracks and the loads at which they are 
formed were essentially the same in cases of biaxial and monoaxial 
bending.
The insertion of strips of tinplate locating cracks artific­
ially did not change the character of the results.
Failures in combined tension and compression in the same sur­
face did not appear until after the yielding of the slabs.
The stiffness of the slabs bent into the shape of a saddle was
greater than that of the slabs bent into the shape of a dish. 
Poisson's ratio in bending varies with the loads at which it is 
measured. Variations, in particular the appearance of negative 
values of Poisson's ratio; are explained by time effects, local ten­
dency of areas weaker at the center than at the edge towards 
bending into a dish shape, and by the increase or decrease of bond 
resistance by lateral bending. Eliminating as far as possible the 
special causes of variation the resulting Poisson's ratios in bend­
ing are found to be small, averaging not greater than about 0.1.
The ultimate strength of the slabs bent into the shape of a
dish was practically the same as that of the beams. The slabs bent
into the shape of a saddle appeared to be stronger than the beams. 
Increased tensile action of the concrete made possible by the later­
al compression may explain partially this difference in strength.
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